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INTRODUCTION  TO  PHYSICAL  ACOUSTICS 

Anthony  A.  Atchley 
Graduate  Program  in  Acoustics 
The  Pennsylvania  State  University 

ABSTRACT 

It  is  rare  that  an  abstract  begins  with  a  disclaimer.  However,  in  this  case,  this  author  feels 
that  is  necessary. 

Disclaimer:  Considering  the  purview  of  acoustics  as  being  any  process  involving  the 
generation,  propagation,  reception,  and  perception  of  mechamcal  waves  and  vibrations,  it  would 
be  arrogant  indeed  to  suppose  that  this  lecturer  could  give  an  adequate  introduction  of  the  whole 
of  physical  acoustics  in  a  lecture  of  any  duration  (fimte  or  otherwise).  Limiting  the  scope  to  an 
introduction  to  PASS  2000  might  be  only  slightly  less  foolhardy.  Abraham  Lincoln  is  reported 
to  have  said  "better  to  remain  silent  and  be  thought  a  fool  then  to  speak  out  and  remove  all 
doubt."  There  will  be  little  doubt  after  this  lecture. 

Hereto,  the  author  wishes  to  revise  the  title  and  presumed  content  of  his  lecture  to  be 


CONNECTIONS  IN  PHYSICAL  ACOUSTICS 
An  Introduction  to  PASS  2000 

ABSTRACT 

The  purpose  of  this  lecture  is  to  introduce  the  lectures  that  comprise  PASS  2000.  An 
atten^t  will  be  made  to  set  the  context  of  the  Summer  School  by  connecting  the  various  lecture 
topics  by  following  the  progression  of  a  theme  beginning  with  the  "acoustics  of  a  single  atom 
and  leading  the  wave  equation.  An  important  vehicle  for  this  journey  will  be  the  development  of 
the  well-known,  lumped  parameter  description  of  acoustics  processes.  Lunq)ed  parameter 
models  provide  intuitive  solution  methods  for  many  complex  problems  and  serve  as  the  starting 
point  for  conputational  acoustics.  As  this  introductory  lecture  progresses  through  topics,  the 
sophistication  of  the  "lumps"  will  increase  to  accommodate  the  requisite  physics.  Eventually, 
the  lumped  parameters  will  lead  to  a  continuum  description  of  wave  phenomena. 
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As  an  example  of  connections  in  physical  acoustics,  consider  the  following  chain  of 
thought.  The  principles  of  conservation  of  momentum  and  conservation  of  mass  lead  to  the 
lumped  parameter  concepts  of  inertness  and  compliance.  These  impedance  elements  can  be  used 
to  construct  a  discrete  model  of  lossless  acoustic  systems.  Consider  a  sequence  of  impedance 
elements  that  mimics  a  homogeneous,  isotropic  acoustic  system.  Such  a  lumped  parameter 
model  allows  one  to  determine,  among  other  things,  the  resonance  frequencies  of  the  system.  An 
inhomogeneous  system  can  be  modeled  by  modifying  the  values  of  some  of  the  initially  identical 
impedance  elements.  If  one  makes  the  changes,  it  will  be  found  that  the  resonance  frequencies 
change.  One  branch  of  this  discussion  can  be  followed  to  high  an^litude  standing  waves  in 
anharmonic  resonators,  to  be  discussed  in  Dr.  Garrett’s  Nonlinear  Acoustics  lecture.  It  is  also 
recognized  that  if  one  knows  the  resonance  frequencies  of  a  system,  one  can  determine 
something  about  the  internal  structure  of  the  system.  This  concept  is  the  principle  imderlying 
Resonant  Ultrasound  SnectroscoDV  (Dr.  Migliori).  Applying  conservation  of  energy  allows  us 
to  modify  our  lumped  parameters  to  include  dissipation  mechanisms.  Introducing  dissipation 
into  a  system  necessarily  leads  to  fluctuations,  leading  to  Dr.  Gabrielson's  lecture  on  Noise  and 
Sensors.  The  improved  lumped  parameter  model  can  be  used  to  describe  propagation  in  small 
diameter  tubes,  a  simplistic  version  of  Porous  Media,  the  topic  of  Dr.  Sabatier  s  lecture.  Dr. 
Keolian  will  discuss  Thermoacoustics.  which  can  be  described  by  modifying  the  model  used  to 
describe  porous  media  to  include  the  effects  of  a  temperature  gradient.  Temperature  gradients 
are  often  encountered  in  the  Atmospheric  and  Meteorological  Acoustics,  as  explained  by  Dr. 
Gilbert.  (Yes,  I  realize  that  the  connection  has  been  strained  at  this  point,  but  I  have  until  June  to 
work  on  it.)  As  sound  propagates  through  the  inhomogeneous  atmosphere,  the  wavefronts  are 
distorted.  One  type  of  wavefront  distortion  is  focusing,  which  as  Dr.  Crum  will  describe  has 
practical  Medical  Annlications  of  Acoustics.  Medical  acoustics  usually  rely  upon  high 
ampUtude  sound  fields  to  achieve  the  desired  result.  Such  high  amplitudes  can  induce  other 
phenomena,  such  as  Sonoluminescence,  Dr.  Matula's  topic.  Dr.  Denardo's  Acoustics 
nemonstrations  will  also  illustrate  the  connections  of  some  of  the  subfields  of  Physical 

Acoustics. 

The  intent  of  this  lecture  is  bring  the  students  to  a  point  of  embarkation  for  the  subsequent 
lectures.  Because  of  its  nature,  there  are  no  references  or  background  material  unique  to  this 
talk.  Reviewing  the  materials  suggested  by  other  lecturers  will  offer  an  excellent  foundation. 
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NONLINEAR  ACOUSTICS 


Steven  L.  Garrett 

United  Technologies  Corporation  Professor  of  Acoustics 
Graduate  Program  in  Acoustics  -  Applied  Research  Laboratory 
The  Pennsylvania  State  University 


ABSTRACT  and  SYLLABUS 


Linearization  of  the  hydrodynamic  mass  and  momentum  conservation  equations,  along 
with  the  equation-of-state  for  a  fluid,  lead  to  the  femiliar  linear,  homogeneous  wave  equation  that 
has  acoustic  solutions  which  obey  the  Principle  of  Superposition.  Those  waves  are  stable,  and 
even  in  the  presence  of  dissipative  effects,  waves  that  are  initially  monochromatic  remain 
monochromatic  and  maintain  their  shape,  even  if  they  decrease  in  amplitude  over  time  and 
distance.  When  two  or  more  such  waves  interact,  they  interfere  only  in  their  region  of 
interaction  to  produce  a  resultant  waveform  that  is  the  sum  of  their  independent  waveforms. 
Once  the  waves  propagate  beyond  their  region  of  mutual  interaction,  they  possess  no  residual 
evidence  of  their  former  interaction  nor  have  they  produced  any  new  disturbances  that  propagate 
out  of  the  interaction  region. 

Those  amplitude-independent  results  of  “linear  acoustics”  can  account  for  most  of  the 
phenomena  associated  with  the  propagation,  attenuation,  scattering,  reflection,  transmission, 
refraction,  production,  and  reception  of  sound  wave  encountered  in  gases,  liquids  and  solid  imder 
“ordinary”  conditions  in  the  laboratory  and  beyond.  Such  linear  waves  can  introduce  scale 
factors  involving  length  and  time,  such  as  wavelength,  period,  and  ejqjonential  attenuation 
distances,  but  they  never  introduce  scale  frictors  that  are  related  to  the  anq)litudes  of  the  waves. 
If  terms  higher  than  linear  order  in  the  hydrodynamic  and  constitutive  equations  are  retained, 
then  new  and  interesting  ait^litude-dependent  acoustic  solutions  occur. 

The  purpose  of  these  lectures  will  be  to  introduce  some  of  these  nonlinear  acoustic 
phenomena  in  simple  one-dimensional  systems  and  to  provide  several  conqjlementary 
perspectives  for  their  understanding  and  analysis.  Topics  to  be  covered  include  the  production  of 
harmonic  distortion  and  the  formation  of  repeated  shock  waves;  the  dissipation  of  acoustic 
energy  by  repeated  shock  waves  and  their  non-exponential  attenuation  in  space;  nonlinear  wave 
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mixing  and  parametric  end-foe  arrays;  large-amplitude  standing  waves;  acoustic  forces  and 
torques  on  solid  objects  in  intense  standing  wave  fields;  and  the  effects  of  occlusion  by  such 

objects  on  the  fi-equency  spectrum  of  resonators. 

The  lectures  will  start  with  an  analysis  of  shallow  water  (gravity)  waves  to  introduce  the 
two  effects  that  cause  waves  to  modify  the  “local”  value  of  their  own  propagation  speed.  The 
effects  of  convection  (self-Doppler  shift)  and  the  change  in  the  “thermodynamic  sound  speed” 
are  shown  to  accumulate  with  distance  and  result  in  the  formation  of  shock  waves.  A 
characteristic  discontinuity  length,  known  as  the  shock  inception  distance,  vvill  be  introduced  as  a 
scale  that  determines  the  importance  of  these  nonlinear  effects.  The  results  for  distortion  of  water 
waves  will  be  generalized  to  ideal  gases  and  other  fluids  through  definition  of  the  GrOneisen 
constant,  a  dimensionless  distortion  parameter.  The  Goldberg  Number,  the  dimensionless  ratio 
of  the  shock  inception  distance  to  the  exponential  length  characteristic  of  the  thermoviscous  and 
relaxational  attenuation  in  linear  acoustics,  will  determine  whether  dissipation  or  nonlinear 

effects  will  dominate  a  wave’s  propagation  away  from  its  source. 

Armed  with  these  conceptual  tools,  the  “life  cycle”  of  an  acoustic  wave  that  is  dominated 
by  nonlinear  effects  will  be  investigated.  We  start  by  revisiting  the  early  stages  of  nonlinear 
waveform  distortion  to  apply  an  iterative  scheme  for  calculation  of  second  harmonic  distortion 
that  was  first  employed  by  Eamshaw  [Phil.  Trans.  Roy.  Soc.  (London)  150,  133  (I860)]. 
Calculation  of  the  accumulation  of  second  and  higher-harmonic  distortion  products  will  employ 
Fourier  analysis  using  a  simple  graphical  representation  of  the  progressive  distortion  [Hargrove, 
J.  Acoust.  Soc.  Am.  32,  511  (I960)]. 

Once  the  repeated  (sawtooth)  shock  wave  is  fully  developed,  its  attenuation  and  subsequent 
decay  back  to  the  realm  of  linear  acoustics  will  be  shown  to  be  independent  of  the  magnitude  of 
the  dissipative  transport  coefficients  (shear  viscosity,  thermal  conductivity,  and  internal 
molecular  relaxation  effects).  The  Rankine-Hugoniot  relations  can  be  used  to  show  that  the  non¬ 
exponential  decay  rate  is  caused  by  the  large  gradients  in  pressure,  temperature,  sound  speed, 
and  particle  velocity  across  the  shock  front,  but  a  more  intuitive  graphical  technique  will  be 
employed.  Thickness  of  a  shock  front  is  related  to  the  dissipative  coefficients  and,  in  an  ideal 
gas,  the  thickness  is  shown  to  be  on  the  order  of  ten  times  the  mean-free-paths  of  the  gas 
molecules. 
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A  general  expression  for  one-dimensional  nonlinear  propagation  will  be  derived  from  the 
hydrodynamics  through  a  perturbation  expansion.  That  approach  results  in  a  linear  wave 
equation  for  the  second-order  density  variations  “driven”  by  a  geometrically-resonant 
inhomogeneous  term  for  non-dispersive  media  that  depends  on  quadratic  combinations  of  the 
first-order  (linear)  sound  field  variables. 


dt^  ax' 


Po 


1+^ 


dc 


Sj 


2  ^2 


In  addition  to  the  generation  of  harmonic  distortion,  this  view  provides  a  means  of  understanding 
nonlinear  wave  mixing  effects.  One  such  effect,  called  a  “parametric  end-fire  array,  will  be 
described  as  an  application  of  nonlinear  acoustics  that  can  produce  highly  directional,  low- 
frequency  sound  source  from  an  aperture  which  is  significantly  smaller  than  the  wavelength  of 
the  radiated  low-fi«quency  sound.  That  effect  will  be  generalized  to  media  that  support  two 
wave  modes  with  different  sound  speeds,  such  as  longitudinal  and  transverse  sound  waves  in 
soUds  [Rollins,  et  al,  Phys.  Rev.  136A,  597  (1964)],  leading  to  resonant,  nonlinear  conversion 
from  one  mode  to  the  other. 

The  lecture  will  conclude  with  a  consideration  of  non-zero  time-averaged  nonlinear 
acoustic  effects  in  resonators  driven  at  large  amplitudes.  First,  the  connection  between  the 
distortion  of  progressive  plane  waves  and  shock  waves  in  resonators  [Coppens  and  Atchley, 
Encyclopedia  of  Acoustics,  Chapter  22  (Wiley,  1997)]  will  be  established.  The  presence  of  solid 
objects  within  the  resonator  and/or  variations  in  resonator  cross-sectional  area  will  be  described 
as  a  means  of  suppressing  shock  waves  in  thermoacoustic  devices  [Gaitan  and  Atchley,  J. 
Acoust.  Soc.  Am.  93,  2489  (1993)]  and  tailoring  waveforms  for  use  in  resonant  acoustic 
compressors  [Ilinski,  et  al.,  J.  Acoust.  Soc.  Am  104(5),  2664  (1998)]. 

Analysis  of  the  time-averaged  forces  and  torques  on  solid  objects  will  be  based  on 
Bernoulli’s  Law  which  produces  time-averaged  pressures  that  are  proportional  to  the  square  of 
the  acoustic  flow  velocity. 


d(^  \  2  i. 

—^+—v  +h  =  const. 

dt  2 
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where  <|)  is  the  velocity  potential  and  h  is  the  enthalpy  density.  Consideration  of  classical  effects, 
such  as  the  appearance  of  striation  bands  in  cork  dust  observed  in  Kundt  Tubes  and  measurement 
of  the  torque  on  a  Rayleigh  Disk  [Rayleigh,  Theory  of  Sound,  Vol.  II],  will  be  followed  by  a 
more  modem  application:  acoustic  levitation  for  containerless  processing.  The  connection 
between  the  frequency  shift  caused  by  the  levitated  obstacle  and  the  acoustic  forces  and  torques 
will  be  made  through  the  Boltzmann-Ehrenfest  Adiabatic  Principle  [Putterman,  et  ol.,  J.  Acoust. 
Soc.  Am.  85(1),  68  (1988);  Greenspan,  J.  Acoust.  Soc.  Am.  27,  34  (1955)].  Levitation  instability 
and  superstability  will  be  explained  through  the  interaction  of  the  resonator  de-tuning,  produced 
by  the  position  of  the  levitated  object,  and  the  de-phasing  of  the  force/position  relation  due  to  the 
finite  time  for  the  growth  or  decay  of  the  resonant  sound  field  [Rudnick  and  Barmatz,  J.  Acoust. 
Soc.  Am.  87(1),  81  (1990);  Barmatz  and  Garrett,  US  Pat.  No.  4,577,266  (Sept.  27,  1988)]. 

It  is  hoped  that  the  study  of  these  nonlinear  acoustical  phenomena  will  not  only  introduce 
some  interesting  acoustical  phenomena,  but  will  also  provide  the  student  with  a  better 
understanding  of  the  foundations  of  linear  acoustics  and  its  limitations. 
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SUMMARY 

The  most  important  contributions  to  nonlinear  acoustics  since  Euler's  formulation  of  his 
equations  of  motion  in  1755  and  until  I960  are  reviewed  briefly  in  this  paper.  The  review  includes 
the  works  by  Lagrange  (1760),  Poisson  (1808),  Stokes  (1848),  Earnshaw  (1860),  Riemann  (1860), 
Rankine  (1870),  Hugoniot  (1889),  Rayleigh  (1910),  Taylor  (1910),  Fay  (1931),  Fubini  (1935), 
Thuras,  Jenkins  &  O'Neil  (1935),  Burgers'  (1948),  Hopf  (1950)  and  Cole  (1951),  and  Beyer 
(1960).  The  development  in  the  mathematical  basis  and  in  the  understanding  of  the  physics  behind 
nonlinear  acoustics  will  be  emphasised  and  the  potential  applications  of  nonlinear  acoustics  will  be 
discussed  The  discussions  have  been  restricted  to  nonlinear  acoustics  of  fluids,  and  relations 
between  nonlinear  acoustics,  as  an  important  discipline  of  acoustics,  and  fluid  mechanics  are 
pointed  out. 


INTRODUCTION 

While  description  and  exploitation  of  acoustical  phenomena  can  be  traced  more  than  2000 
years  back  in  time,  nonlinear  acoustics  is  a  ‘rather  new’  discipline  being  only  about  250  years  old. 

In  1755  Euler  [1]  formulated  the  equation  of  continuity  and  the  equation  of  momentum  for  the 
motion  of  fluids.  His  equations  are: 


Dp/Dt  +  pV*u  =  0 

(1) 

p(Du/Dt)  +  Vp  =  F 

(2) 

If  supplemented  with  an  equation  of  state,  the  equation  (1)  and  (2)  may  lead  to  the  wave 
equation  for  lossless  propagation  of  acoustical  waves  in  a  fluid.  In  (1)  and  (2),  p  and  t  denote  the 
fluid  density  and  the  time,  respectively,  D/Dt  is  the  material  derivative,  u  and  F  denote  the  particle 
velocity  vector  and  the  external  body  force  vector  per  unit  volume,  respectively,  and  p  is  the 
pressure.  The  nonlinearity  of  the  equations  is  included  in  the  convective  part  of  the  first  term  of  (2). 
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THE  CLASSICAL  PERIOD  1760  -  1860 


In  1759  Euler,  in  spite  of  his  interests  in  linear  acoustics,  developed  an  equation  describing 
the  propagation  of  plane,  finite-amplitude  waves  in  a  lossless  fluid.  Paradoxically,  this  equation  is 
expressed  in -a  material  coordinate  system,  today  termed  a  Lagrange  coordinate  system,  and  it 
writes: 


-  { 1  +  =  0  (3) 


where  a  denotes  the  material  coordinate  and  where  b  is  the  speed  of  sound  in  an  isothermal  gas 
obeying  Boyle’s  Law,  p/po  =  p/po,  where  po  and  po  denote  the  ambient  pressure  and  density, 
respectively.  Later  on  in  1 765  Euler  [I]  corrected  his  equation  to  the  form: 

bV^Sa^)  -  {1  +  dejdf!i}\^Vde)  =  0  (4) 


From  Euler’s  remarks  to  this  equation  he  was  aware  of  the  fact  that  if  the  nonlinear  term 
was  taken  into  account,  the  speed  of  propagation  would  exceed  the  isothermal  velocity,  b. 

Lagrange  [4]  also  studied  waves  of  finite  amplitudes,  and  in  1761  he  obtained  an  equation 
of  the  form: 

b^ca^^aa^)- {1+ =  0  (5) 

which,  in  spite  of  being  incorrect,  led  Lagrange  to  an  important  second  order  solution  of  the  form: 

^  =  <p(a  -  bt)  +  ‘/4bt{<p'(a  -  bt)}^  (6) 

where  q>  is  an  arbitrary  fimction.  This  solution  he  rewrote  as; 

^  =  cp{a  -  (b  +  ‘i4u)t}  (7) 

where  u  is  the  particle  velocity  and  where  b  +  14  u  correctly  was  interpreted  as  the  velocity  of 
propagation  (phase  velocity)  of  the  waves.  However,  Lagrange  did  not  believe  in  his  own  result  as 
he  felt  it  would  destroy  the  uniformity  of  the  concept  of  sound  velocity  because  the  velocity  would 
be  dependent  on  the  nature  of  the  disturbance  causing  the  acoustic  signal.  For  Lagrange  “the 
hypothesis  of  infinitely  small  disturbances  was  the  only  one  acceptable,  in  the  theory  of  sound 
propagation”. 

In  (1808)  Poisson  [5]  worked  with  an  equation  of  the  type  as  (8),  where  “q  is  a  velocity 
potential  related  to  the  particle  velocity  u  by  u  =  ^/5x,  for  progressive  waves  of  finite  amplitudes. 

b\a^q/ax^)  -  =  2(an/ax)(^q/axat)  +  (an/ax)^(^q/ax^)  (8) 

In  (8),  X  denotes  the  spatial  coordinate  (in  an  Eulerian  coordinate  system).  For  one¬ 
dimensional,  isothermal  propagation  of  waves  of  finite  amplitudes  he  found  the  exact  solution: 
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5ti/3x  =  f{x  -  (b  +  5r)/9x)t} 


(9) 


valid  for  waves  travelling  in  the  direction  of  increasing  values  of  x.  In  order  to  obtain  a  full  solution 
to  his  differential  equation  (8),  Poisson  found  it  necessary  to  couple  the  solution  (9)  to  an  auxiliary 
equation  (10)  being  a  reduced  form  of  the  wave  equation  for  lossless  propagation  of  waves  in  the 
positive  X  direction. 

dndt  +  hidr\/dK)  +  Y2{dr\/dKf  =  0  (10) 

During  the  years  arotmd  1848,  when  the  revolutions  spread  like  wildfire  over  Europe,  a 
prosperity  in  activity  took  place  in  nonlinear  acoustics.  It  is  difficult  to  say  if  there  were  any  relation 
between  these  two  events,  but  at  least  both  were  characterised  by  the  break  through  of  new  ideas.  A 
discussion  between  Aiiy  and  Challis  [6]  about  the  existence  of  plane  sound  waves,  inspired  Stokes 
[7]  to  study  the  waveform  distortion  described  by  Poisson’s  solution  (9)  and  (10).  Stokes  produced 
the  first  sketches  showing  the  distortion  of  a  finite-amplitude  wave  during  its  propagation,  see 
figure  1. 


Figure  1.  Stokes '  sketches  showing  the  distortion  course  for  a  wave  under  influence  of  the  particle 
velocity  u  in  the  wave. 

Figure  1  shows  the  original  waveform  in  the  upper  trace,  while  the  lower  trace  shows  the 
waveform  after  some  distance  of  propagation.  A  steepening  of  the  wave  takes  place  as  parts  of  the 
wave  with  a  positive  particle  velocity  u  travel  faster  than  the  parts  of  the  wave  having  a  negative 
particle  velocity.  Moreover,  parts  of  the  wave  with  a  higher  positive  particle  velocity  travel  faster 
than  parts  of  the  wave  having  a  lower  positive  particle  velocity.  This  distortion  course  would,  as 
defined  by  Stokes,  lead  to  the  formation  of  a  shock  (by  Stokes  termed  a  “surface  of  discontinuity”). 
However  Stokes  was  not  able  to  explain  the  thermodynamical  consequences  of  a  shock  formation, 
in  spite  of  the  fact  that  he  was  able  to  derive  the  conservation  laws,  conservation  of  mass  and 
momentum,  across  the  shock.  A  deeper  knowledge  about  thermodynamics  was  the  key  to  the 
solution,  but  thermodynamics  was  not  developed  far  enough  in  1 848.  Another  30  years  had  to 
elapse  to  solve  the  fundamental  problems  of  thermodynamics. 
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A  contribution  by  Airy  [8]  from  the  time  around  1848  should  also  be  mentioned.  Using 
a  successive  approximation  method  he  found  a  solution  to  the  propagation  and  distortion  of  finite- 
amplitude  waves  originally  generated  by  the  sinusoidal  motion  of  an  infinitely  rigid  plane.  He  found 
the,  now  generally  accepted,  result  that  the  amplitude  of  the  2"'*  harmonic  is  increasing  linearly  with 
propagation  distance. 

In  1860  the  mathematician  Eamshaw,  who  was  going  to  influence  the  development  in 
nonlinear  acoustics  over  the  next  decades,  brought  the  thermodynamics  closer  to  the  mathematical 
basis  for  wave  propagation.  The  thermodynamic  state  of  the  fluid  was  represented  by  an  expression 
(11)  valid  for  any  arbitrary  relation  between  the  density  p  and  the  pressure  p. 

X  =  J(c/p)dp  (11) 

where  the  boundaries  for  the  integration  is  from  po  to  p.  In  (1 1),  c  denotes  the  isentropic  velocity  of 
sound,  which  for  an  adiabatic  gas  with  the  relation:  p/po  =  (p/po)^  where  y  is  the  ratio  between  the 
specific  heats  Cp  and  Cy,  leads  to  c  =  “^/p . 

Introducing  the  adiabatic  gas  relation  into  (1 1)  and  inserting  (1 1)  into  Euler’s  equations  (1) 
and  (2)  lead  to  the  symmetric  expressions  for  one-dimensional  wave  propagation: 

8)Jdt  +  viSfUdK)  +  c(au/ax)  =  0  (12) 

dddi  +  u(au/ax)  +  c(ax/ax)  =  o  (i3) 

where  X  is  expressed  by: 

X  =  2(c  -  Co)/(y-  1)  (14)  - 

From  the  equations  (12)  and  (13)  Eamshaw  concluded  that  for  finite-amplitude  waves 
propagation  in  the  positive  x-direction,  the  phase  velocity  dx/dt  of  a  point  in  the  wave  having  the 
particle  velocity  u  will  be: 

(dx/dt)u  =  u  +  c  (15) 

and 

(dx/dt)u  =  u  -  c  (16) 

for  the  propagation  in  the  negative  x-direction. 

Eamshaw,  moreover,  showed  that  for  simple  wave  regions,  i.e.  regions  where  wave 
propagation  takes  place  in  one  and  the  same  direction,  the  thermodynamics  and  Ae  kinematics  will 
be  connected  in  an  unambiguous  way  through  the  expressions: 

u  =  +X  and  u  =  -X  (17) 

for  positively  and  negatively  propagating  waves,  respectively. 

For  waves  propagating  in  the  positive  x-direction  Eamshaw  showed  that  the  local  velocity 
of  sound  c  in  (18)  will  be  the  sum  of  the  infinitesimal  velocity  of  sound  Co  and  a  term  expressing  a 
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contribution  from  the  local  thermodynamical  conditions  representing  the  lack  of  linearity  between  p 
and  p  in  the  equation  of  state  for  the  fluid.  For  an  adiabatic  gas  relation  (1 8)  is  obtained  as: 

c  =  Co  +  ‘/2(y  -  l)u  (18) 

If  the  expression  (18)  is  inserted  into  the  expression  (15)  for  the  phase  velocity,  the 
following  expression  is  obtained: 

(dx/dt)u-constant  =  Co  +  ‘/2(y  +  l)u  (19) 

Expression  (19)  is  important  in  the  sense  that  it  comprises  two  contributions  to  the 
distortion  course  for  a  finite-amplitude  wave  during  its  propagation.  The  thermodynamical 
contribution  arising  from  the  nonlinear  pressure-density  relation  and  expressed  by  ‘/2(y  -  l)u,  and  a 
convective  contribution  caused  by  the  fact  that  a  local  disturbance  propagating  vrith  the  local 
velocity  of  sound  c  is  convected  with  the  local  particle  velocity  u,  thus  leading  to  a  phase  velocity 
of  c  +  u  for  a  local  phase  in  the  wave.  The  key  to  the  understanding  of  the  change  of  the  wave  form 
in  nonlinear  acoustics  is  governed  by  a  thermodynamical  and  by  a  kinematic  contribution  to  the 
phase  velocity  of  the  wave. 

Eamshaw  also  derived  a  nonlinear  partial  differential  equation  (20)  describing  the 
propagation  of  plane  waves  of  finite  amplitudes  in  an  ideal  gas: 

5u/9t  +  Co(9u/ax)  +  ‘/2(y  +  1)  u  9u/9x  =  0  (20) 

which  has  the  same  form  as  the  auxiliary  equation  derived  by  Poisson.  : 

Insertion  of  the  pressure-density  relation  for  an  adiabatic  gas  into  expression  (17)  leads  to 
the  relation  (21): 


p/po  =  {1  +  ‘/.(T  •  (21) 

expressing  the  connection  between  p  and  u  in  a  finite-amplitude  vrave.  From  (21)  may  be  seen  that 
the  characteristic  impedance  p/u  for  a  fimte-amplitude  wave  propagating  in  the  positive  x-direction 
varies  from  point  to  point  in  the  wave.  Only  for  infinitesimal  wave  amplitudes  (i.e.  u  «  c®) 
expression  (21)  leads  to  the  constant  characteristic  impedance  of  poC®. 

Eamshaw,  moreover,  recognised  that  a  formation  of  a  shock  was  possible  and  that  the 
propagation  velocity  for  the  shock  would  exceed  the  infinitesimal  velocity  of  sound  c®.  However, 
what  happened  after  the  formation  of  a  shock  was  unknown  to  Eamshaw. 

The  German  mathematician  Riemann  [10]  contributed  in  1860  with  an  important 
generalisation  of  the  expression  (19)  for  the  phase  velocity  in  a  compound  (i.e.  non-simple)  wave 
field,  where  propagation  of  waves  takes  place  in  the  negative  and  in  the  positive  x-direction 
simultaneously.  He  showed  that  in  a  compound  wave  field  the  two  linear  combinations  R  and  S  of  X 
and  u  given  by: 

R  =  i4(X  +  u)  and  S  =  */4(X  -  u)  (22) 
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will  propagate  with  the  velocities: 


(dx/dOR-constant  =  U  +  C,  and  (dx/dt)s=constant  =  U  -  C  (23) 

which  means  that  not  u  nor  X  individually,  but  their  linear  combination  will  propagate  with  the 
velocities  u  +  c  and  u  -  c.  Riemann’s  generalisation  forms  one  of  the  most  important  contributions 
to  the  basis  for  the  later  development  of  the  methods  of  characteristics  used  for  solving  hyperbolic 
partial  differential  equations.  A  simple  wave  field  constitutes  a  special  case  of  Riemann’s 
generalised  expression. 

A  deeper  understanding  of  thermodynamics  was  necessary  in  order  to  be  able  to  understand 
what  happens  after  the  formation  of  a  shock.  It  was  obvious  to  Riemann  and  Eamshaw  that  a 
discontinuity  or  a  shock  could  develop.  But  this  was  not  the  only  problem.  If  a  discontinuity 
developed,  reflection  of  waves  would  take  place  at  the  discontinuity  and  a  simple  wave  field  would 
be  transformed  into  a  compound  wave  field.  The  concept  of  dissipation  was  not  understood  in 

depth. 


THE  POST-CLASSICAL  PERIOD  1860  -  1960 

The  years  after  1870  brought  the  understanding  of  the  shock  a  great  step  fiirther.  Rankine’s 
[11]  works  dealing  with  steady  shocks  in  an  inviscid,  but  heat  conducting  gas,  and  some  year  later 
also  Hugoniot’s  [12]  studies  of  the  necessary  conditions  for  the  existence  of  steady  discontinuities 
led  to  the  establishment  of  the  Rankine-Hugoniot  relations.  These  relations  are  conservation 
relations  connecting  the  thermodynamic  and  the  kinematic  variables  on  the  two  sides  of  a  shock, 
however  without  specifying  the  course  of  processes  in  the  shock.  For  the  steady  flow  through  a 
shock  at  rest  and  with  index  1  and  index  2  denoting  variables  before  and  after  the  shock, 
respectively,  the  conservation  equations  may  be  written  as: 

piv,  =  P2V2  (24)  [Conservation  of  mass] 

Pi  +  PiVi^  =  P2  +  P2V2^  (25)  [Conservation  of  momentum] 

In  (24)  and  (25),  vi  =*  ui  =  U,  and  V2  =  U2  -  U*,  where  U,  is  the  constant  propagation 
velocity  of  the  shock,  brought  to  rest  by  superposition  of  the  velocity  -U*  to  the  flow  field.  The 
conservation  equations  (24)  and  (25)  do  not  involve  losses,  and  (25)  expresses  a  form  of  Bernoulli’s 
equation  for  a  compressible  fluid. 

In  order  to  avoid  to  end  up  with  solutions  like  the  ones  obtained  by  Stokes  and  Riemann 
due  to  use  of  a  lossless  theory,  Rankine  and  later  on  Hugoniot  introduced  an  energy  equation 
including  losses.  Their  equation  may  be  written  as: 

Vzv^  +  ei  +  pi/pi  =  Vi\2  +e2  +  P2/P2  (26)  [Conservation  of  energy] 
where  e  denotes  the  internal  energy  per  unit  mass.  For  a  perfect  gas  (26)  may  be  written  as: 

V2^  -  vi^  =  {2y/(y  -  l)}{pi/pi  -  P2/P2}  (27) 
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which  connects  the  thermodynamic  and  the  kinematic  variables  across  the  shock. 

The  equations  (24),  (25)  and  (27)  form  the  basis  for  the  later  developed  “theory  of  weak 
shocks”  frequently  used  in  nonlinear  acoustics.  If  a  weak  shock  is  assumed,  i.e.  u  «  Co,  an 
expression  for  the  velocity  of  propagation  of  the  shock  may  be  derived  as: 

Us  =  Co  +  ‘/i(Y  +  l){ui  +  U2}  (28) 

which  shows  that  a  weak  shock  will  propagate  with  a  velocity  being  the  sum  of  the  infinitesimal 
velocity  of  sound  and  the  mean  value  of  the  particle  velocities  in  the  flow  just  before  and  just  after 
the  shock.  It  can,  moreover,  be  shown  [13]  that  the  increase  in  entropy  across  a  weak  shock  is  small 
to  the  third  order  in  the  pressure  variation  across  the  shock.  Thus,  for  shocks  with  an  acoustical 
Mach  number  u/c  <  0.1  the  propagation  may  be  considered  as  isentropic.  This  fact  is  useful  when 
dealing  with  weak  shocks  in  nonlinear  acoustics. 

Rankine  made  an  attempt  to  describe  the  shock  profile,  i.e.  the  variation  of  the  variables 
inside  and  across  the  shock.  His  basis  was  a  heat  conducting,  but  inviscid  gas.  The  applicability  of 
his  solution  is,  however,  limited  to  lower  pressure  jumps  across  the  shock  as  dissipation  by  heat 
conduction  alone  is  not  sufficient  to  avoid  the  shock  to  become  multi-valued,  i.e.  that  several 
pressure  values  appear  at  the  same  position  in  the  shock,  as  pointed  out  by  Rayleigh  [14]. 

Rayleigh  was  the  first  to  introduce  viscosity  in  the  calculation  of  a  shock  profile.  He 
calculated  the  thickness  of  a  shock  with  a  pressure  jump  of  p2/pi  =  5.67  to  be  of  a  magnitude  of 
around  30  pm,  in  reasonable  agreement  with  measured  results  using  modem  optical  techniques. 

A  break-through  in  the  description  of  the  shock  profile,  i.e.  the  variation  in  thermodynamic 
and  kinematic  quantities  in  a  shock,  was  made  by  G.I,  Taylor  [15].  For  weak  shocks  in  a  viscous, 
heat  conducting  gas  Taylor  found  an  analytical  solution  for  the  shock  profile.  For  a  shock  travelling 
into  a  quiet  gas  the  particle  velocity  variation  through  the  shock  may  be  written  as: 

u  =  'Auz  { 1  -  tanh  [(‘A  (y  +  1)  ua  X)/25] }  (29) 

where  X  denotes  the  moving  coordinate  in  the  shock  with  X  =  0  at  the  centre  of  the  shock,  and  8 
describes  the  dissipation  due  to  viscous  and  heat  conducting  effects  in  the  shock,  given  by: 

5  =  (p/po){4/3  +  ps/p  +  (y  •  l)Pr}  (30) 

In  (30)  p  is  the  shear  viscosity  and  pe  the  bulk  viscosity,  respectively,  while  Pr  denotes  the 
Prandtl  number,  Pr  =  pCp/K,  where  k  is  the  thermal  conductivity.  From  (29)  the  thickness  h  of  the 
shock  expressed  by  the  distance  between  the  points  of  10%  and  90%  change  in  the  variables  across 
the  shock  may  be  written  as: 

h  =  (251n9)/(‘/2(y+l)u2)  (31) 

Expression  (31)  shows  clearly  the  nonlinear  (the  denominator)  and  the  dissipative  (the 
numerator)  effects  on  the  thickness  of  a  shock.  The  nonlinear  effects  are  steepening  the  shock, 
while  the  dissipative  effect  is  flattening  the  shock.  Strong  shocks  are  thin,  while  weak  shocks  are 
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thick.  As  the  dissipative  effect  is  the  winner,  even  strong  shocks  will  after  some  distance  of 
propagation  end  up  as  infinitesimal  amplitude  waves. 

The  contributions  to  our  knowledge  on  the  processes  in  a  shock  produced  by  Rayleigh  and 
G.I.  Taylor  were  very  important,  but  they  were  limited  to  the  variations  in  variables  in  the  “step” 
formed  by  the  shock.  The  dissipation  process  in  a  propagating  finite-amplitude  wave  had  not  been 
studied  in  depth.  A  major  contribution  to  nonlinear  acoustics  was  published  by  Fay  [16]  in  the,  at 
that  time  new.  Journal  of  the  Acoustical  Society  of  America.  For  a  plane  wave  of  finite  amplitude, 
propagating  in  a  viscous  gas  Fay  sought  the  most  stable  waveform.  The  balance  between  nonlinear 
and  dissipative  effects  in  the  wave  was  recognised  by  Fay,  and  the  fact  that  the  dissipation  would  be 
the  final  winner  meant,  that  only  a  comparatively  stable  waveform  was  possible.  Considering  only 
the  shear  viscosity  as  a  contributor  to  dissipation.  Fay  obtained  the  solution  (32). 

(p  -  Po)/(poCo^)  =  (2a  Cc,)/(‘/j(y  +  1)  a>)  Zn  - 1  (sin  n(a)t  -  kx))/(sinh  na  (x  +  Xo))  (32) 

where  w  is  the  angular  velocity  and  where  a  =  2©^  p/(3poCo^).  The  quantity  Xo  is  a  constant  related 
to  the  discontinuity  distance,  i.e.  the  distance  for  the  first  formation  of  a  discontinuity  (a  vertical 
tangent  to  the  waveform)  at  a  0-crossing  under  lossless  propagation  conditions,  n  denotes  the 
number  of  the  harmonics  formed. 

An  important  contribution  to  nonlinear  acoustics,  which  did  not  received  so  much  attention 
as  it  deserved  as  it  was  published  in  the  Italian  language  in  a  journal  not  directly  related  to 
acoustics,  was  written  by  Fubini  [17].  He  found  an  explicit  solution  to  the  wave  equation  for  the 
propagation  of  plane  waves  of  finite  amplitudes  in  a  lossless  fluid.  While  using  boundary  conditions 
of  die  sinusoid^  type  he  obtained  for  the  particle  velocity  in  the  wave: 

u  =  2uoZii-i  {Jn(na)/ncy}sin(n(©t-kx))  (33). 

where  a  =  ‘A(y  +1)  Uokx/Co  is  the  dimensionless  discontinuity  distance.  Jn  is  the  Bessel  function  of 
order  n,  where  n  is  the  number  of  the  harmonic  formed  during  the  propagation  of  the  finite- 
amplitude  wave  out  from  the  source.  Due  to  the  lossless  conditions  this  solution  is  only  valid  to  the 
discontinuity  distance  where  a  =  1.  While  Fubini’s  solution  is  a  nearfield  solution.  Fay’s  solution 
constitutes  a  farfield  solution. 

Some  of  the  first  experiments  reported  on  finite-amplitude  wave  propagation  in  air,  and 
produced  by  a  sinusoidal  vibrating  piston  source,  were  performed  by  Jenkins  et  al  [18].  Their 
measurements  were  performed  in  a  tube  terminated  at  the  end  opposite  to  the  piston  source  in  order 
to  avoid  reflections  and  thus  the  establishment  of  a  compound  wave  field.  They  measured  the 
formation  of  the  amplitude  of  the  second  harmonic  for  various  fundamental  fi-equencies  with 
propagation  distance  fi'om  the  source.  They  found  a  linear  growth  of  the  second  harmonic  amplitude 
with  propagation  distance,  with  frequency  and  with  original  source  amplitude  as  predicted  by 
Fubini  (and  earlier  by  Airy).  They  also  reported  the  formation  of  a  sum  and  difference  frequency 
component  when  the  source  generated  a  two-firequency  signal.  The  last  finding  is  also  fundamental 
to  the  operation  of  the  later  introduced  parametric  acoustic  array  by  Westerveld  [19] 

A  track  of  great  importance  in  nonlinear  acoustics  was  established  based  on  Burgers’  [20] 
equation.  This  equation  (34): 
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av/at  +  vav/ax  = 


(34) 


was  originally  developed  by  Burgers  to  be  used  for  describing  certain  characteristics  of  turbulence. 
However,  the  equation  turned  out  to  be  very  useful  for  description  of  propagation  of  finite- 
amplitude  waves  under  simultaneous  influence  of  nonlinearity  and  dissipation.  Burgers’  equation 
has  formed  a  strong  basis  over  the  past  for  the  study  of  nonlinear  acoustical  phenomena,  and  it  is 
still  one  of  the  “key  tools”  for  investigations  of  progressive  finite-amplitude  waves  in  materials  of 
various  physical  qualities. 

Some  decisive  contributions  to  the  general  applications  of  Burgers’  equation  in  nonlinear 
acoustics  were  given  by  Mendousse  [21],  who  worked  out  a  form  of  the  equation  applicable  for 
viscous  fluid,  while  Li^thill  [24]  gave  Burgers’  equation  a  form  making  it  applicable  for  waves  in 
thermoviscous  gases. 

While  Burgers’  equation  in  its  original  form  was  most  applicable  for  solving  initial  value 
problems,  and  as  most  problems  encountered  in  relation  to  wave  propagation  are  boundary  value 
problems,  an  approximate  of  Burgers’  equation,  applicable  for  boundary  value  problems,  may  be 
written  as: 


av/aa  -  V  av/ay  =  r‘  (a^v/^)  (35) 


where:  V  =  u/uo,  a  =  54(7  +  1)  Uokx/Co  and  y  =  (ot  -  kx) 


r  =  (y  +  l)UoPo/bk,  where  b  =  4p/3  +  pa  +  k{1/Cv  -  l/Cp] 

Equation  (35)  is  given  in  a  dimensionless  form  and  the  propagation  distance  parameter  o  = 
x/S,  where  d  is  the  discontinuity  distance,  »  =  2coV(y  +  1)(bUo  .  The  parameter  T  may  be  written 
as: 

r  =  (y  +  1)  {uop«/bk}  =  (y  +  1)  Re,  (36) 

where  Re,  is  an  acoustical  Reynolds  number,  analogous  to  the  hydrodynamic  one.  The  quantity  T 
describes  the  ratio  of  the  influence  of  nonlinearity  (including  ‘equation  of  state’  and  ‘convective’ 
nonlinearity  contributions),  represented  by  the  nonlinear  strength  term  */i(y  +  l)uo/Co,  to  the 
influence  of  dissipation.  F  was  first  introduced  by  Gol’dberg  [26]  as  a  criterion  such  that  shock 
formation  is  not  likely  to  take  place  if  F  <  1. 

A  solution  to  Burgers’  equation  was  produced  by  Hopf  [22]  and  Cole  [23],  who  used  the 
similarity  between  Burgers’  equation  and  the  equation  for  heat  conduction.  Their  andytical  solution 
included  the  propagation  of  finite-amplitude,  plane  waves  under  influence  of  dissipation. 

One  of  the  major  players  in  nonlinear  acoustics  in  this  century,  professor  R.T.  Beyer, 
developed  the  so-called  second-order  nonlinearity  ratio,  B/A,  describing  the  degree  of  material 
nonlinearity  shown  by  gases,  liquids  and  solids  [25],  Starting  from  a  relation  between  the  pressure 
p,  the  density  p  and  the  entropy  s  for  a  fluid,  a  development  in  a  Taylor  series  of  the  relation  md 
assuming  a  nearly  isentropic  wave  motion,  which  is  justified  by  the  fact  that  for  pressure  waves  in  a 
fluid  the  change  in  entropy  is  small  to  the  third  order  in  the  pressure  change,  it  is  possible  to  write 

the  following  relation  between  p  and  p: 
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p  -  Po  =  A[(p  -  PoVPo]  +  B[(P  -  Po)/pof  +  •••  (37) 

where  only  the  first  two  terms  in  the  Taylor  series  have  been  included.  The  quantities  A  and  B  now 
write: 

A  =Po[{9p/9p}s]p-po  =  PoCo^  and  B  =  Po^[{9^p/9p^}s]p=po  (38) 

Based  on  thermodynamical  relations,  B/A  may  be  written  on  the  form: 

B/A  =  2poCo[{9c/9p}T]p-po  +  (2coTp/cp)[{9c/9T}p]p-po  (39) 

where  the  most  important  contribution  comes  from  the  first  term.  The  development  of  the 
expressions  (38)  and  (39)  gave  rise  to  a  substantial  increase  world-wide  in  the  study  of  the 
acoustical  nonlinearity  of  materials  and  to  relate  the  nonlinear  acoustical  qualities  to  the  molecular 
structures  of  materials. 


CONCLUSIONS 

Nearly  250  years  have  passed  since  the  first  significant  contribution  to  nonlinear  acoustics  was 
made.  However,  a  fast,  nearly  explosive,  development  in  nonlinear  acoustics  has  taken  place  over 
the  last  40  years,  reflected  in  an  increasing  number  of  papers  published  in  intenmtional  journals  ^d 
conference  proceedings,  related  to  various  aspects  of  noidinear  acoustics  as  for  instance  progressing 
and  standing  waves  of  finite  amplitudes,  material  nonlinearity,  acoustical  streaming,  radiation 
pressure  and  acoustical  levitation,  parametric  acoustic  arrays  etc.  The  “tools”  for  solving  the 
nonlinear  wave  equations  have  been  considerably  unproved  over  the  past  40  years  by  development 
of  fast  and  reliable  methods  for  solving  the  Burgers’  equation,  the  KZK  equation,  the  KdV  equation 
etc.  The  practical  applications  of  nonlinear  acoustics  have,  however,  not  been  able  to  keep  pace 
with  the  theoretical  and  numerical  development.  Only  the  parametric  acoustic  array  and  focused 
fields  in  lithotripters  have  profited  to  some  extent  from  the  development  in  nonlinear  acoustics. 
However,  nonlinear  acoustics  research  has  been  able  to  explain  observations  related  to  various 
processes  in  industry,  in  medicine,  in  geophysics  and  in  oceanology,  but  without  any  major  bre^- 
through  in  direct  applications.  It  is  fair  to  say  that  the  “tools”  in  nonlinear  acoustics  have  been  going 
through  a  enormous  development  over  the  past  40  years,  based  on  the  important  fundament^ 
contributions  to  nonlinear  acoustics  produced  over  the  200  years  period  1760  -  1960,  but  we  still 
need  to  see  the  “tools”  being  used  to  their  full  extent  in  the  service  of  the  society.  This  is  one  of  the 
most  important  challenges  in  nonlinear  acoustics  in  the  years  to  come. 
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ABSTRACT 

Physical  acoustics  deals  with  fundamental  aspects  of  acoustics.  Current  research  areas 
include  atmospheric  acoustics,  nonlinear  acoustics,  porous  media  acoustics,  sonoluminescence, 
thermoacoustics,  and  ultrasonic  diagnosis  of  materials.  Due  to  their  fundamental  knowledge, 
physical  acousticians  may  engage  in  research  in  other  areas  of  acoustics,  such  as  musical  and 
physiological  acoustics,  as  well  as  in  areas  that  are  usually  considered  to  be  outside  of  acoustics, 
for  example,  optics,  surface  and  lattice  waves,  and  nonlinear  oscillations  and  dynamics.  It  is  thus 
important  for  a  physical  acoustician  to  have  a  detailed  and  broad  knowledge  of  oscillations  and 
waves.  In  accord  with  this,  the  demonstrations  lecture  will  include  oscillations  of  few-degree-of- 
freedom  systems,  sound  in  air,  and  mechanical  waves  in  media  other  than  air. 

The  main  purpose  of  the  demonstrations  lecture  is  to  provide  a  greater  understanding  of 
physical  acoustics  by  exhibiting  the  phenomena  \vith  actual  apparatus.  A  secondary  purpose  is 
to  prepare  students  to  perform  demonstrations,  which  have  a  long  oral  tradition  in  acoustics  due 
to  its  experimental  accessibility  and  connection  with  music.  To  lead  to  both  a  greater 
understanding  of  physical  acoustics  and  the  performance  of  demonstrations,  students  will  be 
encouraged  ask  questions  during  the  lecture.  In  addition,  there  are  expected  to  be  many 
discussions  due  to  the  challenging  explanations  of  some  of  the  demonstrations. 

The  lecture  will  be  split  into  three  parts  of  roughly  equal  duration.  Each  part  is  intended  to 
represent  a  different  basic  aspect  important  for  the  study  of  physical  acoustics,  although  in  some 
cases  the  categorizations  are  artificial.  The  parts  are:  (i)  few-degree-of-fi'eedom  oscillations,  (ii) 
mechanical  waves  not  including  sound  in  air,  and  (iii)  sound  in  air.  These  are  described  below. 
The  notes  for  the  lecture  will  be  in  the  form  of  preliminary  pages  from  the  book  Physics  Lecture 
Demonstrations,  second  edition  (in  progress),  by  the  lecturer.  Each  wnte-up  describes  an 
apparatus  and  demonstration,  and  includes  an  explanation.  The  vsoite-ups  will  not  be  displayed 
during  the  lecture.  Students  may  want  to  glance  at  them  prior  to  or  during  the  lecture.  Any 
comments  about  the  write-ups  during  or  after  the  lecture  will  be  appreciated.  A  digital  scope 
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connected  to  a  computer  projector  will  be  used  for  demonstrations  with  microphones  and  other 
detection  transducers,  so  that  the  results  can  be  easily  observed  by  the  audience. 

Most  of  the  demonstrations  in  the  first  part  (few-degree-of-fi’eedom  oscillations)  involve 
mechanical  oscillators.  The  demonstrations  are  planned  to  include  the  following.  Collisions 
with  two  identical  side-by-side  billiard  ball  pendulums  show  the  connection  between  uniform 
circular  and  simple  harmonic  motion.  A  spherical  pendulum  precesses  at  fimte  amplitudes  due 
to  the  dependence  of  period  upon  amplitude.  A  vibrating  rod  attached  to  a  rotatable  table  oflFers 
a  model  of  Foucault  pendulum,  where  rods  with  circular,  I-beam,  and  square  cross  sections 
exhibit  different  behavior.  A  rectangular  plate  with  a  concentric  hole  serves  as  a  physical 
pendulum  whose  period  is  independent  of  the  location  of  the  pivot  at  the  rim.  A  torsional 
oscillator  is  used  to  illustrate  the  most  accurate  arrangement  for  the  determination  of  the 
universal  constant  of  gravitation.  Coupled  linear  oscillations  are  demonstrated  with  a  V-coupled 
pendulum  apparatus,  a  Wilberforce  oscillator,  and  a  double  pendulum.  Relaxation  oscillations 
are  shown  with  an  RC  circuit  and  a  neon  bulb.  Electromagnetically  coupled  oscillators  show  the 
importance  of  the  relative  damping  of  modes.  Resonance  is  demonstrated  with  a  system  of 
pendulums  of  different  lengths  driven  by  a  common  force,  and  by  the  acoustic  breaking  of  a 
glass.  A  transverse  mass-and-spring  system  shows  the  nonlinear  phenomena  of  bent  resonance 
curves  and  hysteresis.  Parametric  excitation  is  demonstrated  with  a  normal  and  inverted 
pendulum.  Internal  parametric  instabilities  are  shown  with  a  spring  pendulum  and  the  V-coupled 
pendulums  above.  Finally,  mode  locking  is  shown  with  two  magnetically-coupled  metronomes, 
and  an  organ  pipe  driven  by  loudspeaker. 

Demonstrations  planned  for  the  second  part  (mechanical  waves  not  including  sound  in  air) 
include  the  following.  A  collision  ball  apparatus  with  the  balls  touching  in  equilibrium  feils  to 
function  properly  because  the  collision  time  exceeds  the  time  required  for  sound  to  travel  the 
diameter  of  a  ball.  A  lattice  of  magnetically-coupled  pendulums  illustrates  a  strong  dispersive 
effect  of  the  group  and  phase  velocities  being  substantially  different  near  the  lower-fi-equency 
cutoff  mode.  Longitudinal  and  transverse  vibrational  modes  of  aluminum  rods  are  demonstrated, 
and  overtones  are  shown  to  be  present.  Three  demonstrations  of  waves  in  nonuniform  systems 
are  shown:  a  pulse  on  a  vertical  torsional  wave  apparatus  accelerates  and  spreads  as  it  travels 
upward,  a  standing  wave  on  a  nonuniform  torsional  wave  apparatus  has  a  wavelength  and 
amplitude  that  vary  with  position,  and  different  resonance  fi-equencies  occur  for  acoustic 
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resonators  when  the  nonuniformity  in  cross-sectional  area  is  varied.  Finally,  solitons  are 
demonstrated  on  a  pendulum  lattice  as  well  as  on  the  surface  of  water. 

Demonstrations  planned  for  the  third  part  (sound  in  air)  include  the  following.  The 
velocity  nodes  and  antinodes  of  standing  waves  are  demonstrated  with  a  hot-wire  Kundt’s  tube. 
Linear  propagation  is  demonstrated  with  a  multipole  source  (monopole,  dipole,  and  quadrupole), 
an  unbafiQed  and  bafiQed  loudspeaker,  and  pulsed  wave  propagation  above  the  first  cutoff 
fi-equency  in  an  acoustics  tube.  A  photoacoustics  effect  is  demonstrated  with  a  strobe  light 
shining  on  glass  with  a  layer  of  carbon.  Thermoacoustics  effects  are  shown  with  a  Rijke  tube 
and  a  Hofler  tube.  There  are  many  dramatic  nonlinear  acoustics  phenomena  that  will  be 
demonstrated.  Distortion  and  shocks,  sum  and  difference  fi-equency  generation,  and  absorption 
of  sound  by  noise  are  shown  in  a  propagating  wave  tube.  In  addition,  a  single  sine  burst 
develops  into  either  an  N-wave  or  single  shock  fi-ont,  depending  upon  the  polarity  of  the  burst. 
An  ultrasonic  ring  source  generates  audible  sound  through  nonlinearity,  and  dramatically 
demonstrates  a  well-defined  beam  similar  to  that  firom  a  parametric  end-fire  array.  Standing 
sound  waves  exert  a  torque  on  a  Rayleigh  disk,  and  cause  antinodal  bunching  and  levitation  in  a 
Kundt’s  tube.  The  acoustically-generated  steady  flow  in  and  out  of  a  Helmholtz  resonator  can 
extinguish  the  flame  of  a  match,  and  can  also  be  employed  to  create  an  acoustic  motor.  Spinning 
cups  in  an  acoustic  enclosure  demonstrate  acoustic  streaming.  In  the  same  enclosure,  radiation 
pressure  is  shown  with  an  acoustic  radiometer  that  is  analogous  to  Crooke  s  electromagnetic 
radiometer.  Radiation  pressure  is  also  demonstrated  by  the  attraction  of  two  plates  analogous  to 
the  Casimir  effect  in  quantum  electrodynamics.  Finally,  standing  waves  in  a  tube  driven  by  a 
loudspeaker  affect  the  height  of  flames  fi-om  the  tube. 
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NOISE  AND  SENSORS 


Thomas  B.  Gabrielson 
Applied  Research  Laboratory 
The  Pennsylvania  State  University 

ABSTRACT 

Various  techniques  for  converting  acoustic  or  vibration  signals  to  electronic  or  optical  signals 
(and  vice  versa)  are  treated  in  detail  in  many  papers  and  books.  Frequentfy,  a  superficial 
understanding  of  the  conversion  processes  is  all  that  is  required;  however,  there  is  a  depth  to  the 
physics  of  transduction  that  can  only  be  appreciated  by  closer  examination.  While  the  physics  of 
electromechanical  signal  conversion  is  rich  enough,  the  study  of  noise  is  equally  rewarding. 

Because  the  subject  of  sensor  self-noise  integrates  concepts  in  mechanics,  solid-state  physics, 
quantum  mechanics,  and  thermodynamics,  the  study  of  self-noise  would  be  &scinating  even  if  there 
were  no  direct  application  of  the  princ^les.  For  high-performance  sensors,  however,  the  achievable 
noise  floor  is  a  critical  parameter  and  so  an  understanding  of  sensor  self-noise  is  essential  for  design, 
construction,  and  application  of  such  sensors. 

Equilibrium  thermal  noise  is  an  inevitable  consequence  of  the  Second  Law  of 
Thermodynamics  and,  as  such,  is  perhaps  the  most  fiindamental  source  of  noise  in  any  system 
Equilibrium  thermal  noise  is  the  noise  produced  by  the  normal  thermal  motion  of  the  molecules  that 
make  up  the  sensor  structure  or  the  surrounding  liquid  or  gas.  It  has  a  long  history  of  both 
theoretical  and  eiqierimental  study  and  so  it  is  remarkable  that  this  mechanism  is  fi-equently  ignored 
in  the  and  analysis  of  new  sensor  types.  Presumably  the  reason  for  this  omission  is  that  there 
are  many  conventional  sensors  for  which  the  limiting  noise  is  some  other  mechanism  and  the 
femiliarity  with  this  other  mechanism  has  led  to  the  assunption  that  it  is  the  only  inqwrtant 
mechanism  This  belief  does  not  cause  problems  until  a  significant  technology  shift  is  introduced 
and  the  relative  inqxirtance  of  different  noise  mechanisms  changes. 

A  critical  aspect  of  equilibrium  thermal  noise  is  that  every  resistance-like  term  contributes  a 
fluctuating  force  in  accordance  with  Nyquist's  Theorem  This  includes  fluid  danping,  structural 
danqjing,  acoustic  radiation  resistance,  an  acoustic  or  mechanical  load  having  a  real  conqxment  in 
the  inqiedance,  or  thermal  radiation.  Any  path  that  permits  energy  transfer  fiwm  the  sensor  to  the 
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environment,  whether  it  involves  ordered  motion  (e.g.,  radiation)  or  disordered  motion  (e.g.,  viscous 
dartping),  introduces  a  fluctuating  force. 

Sometimes  this  noise  component  is  called  Brownian  noise;  this  can  lead  to  the  inpression  that 
its  sole  source  is  the  collision  of  gas  or  liquid  molecules  with  the  moving  element.  Even  if  the 
element  were  operated  in  a  vacuum,  though,  there  would  still  be  an  equilibrium  thermal  noise 
associated  with  danping  in  the  structure.  Frequently,  "thermal  noise '  is  cited  as  a  component  of  the 
amlMent  noise  (particularly  in  descriptions  of  underwater  ambient  noise).  This  conponent  is 
conpletely  accounted  by  associating  the  proper  fluctuation  force  with  the  radiation  resistance  of  the 
transducer.  Also,  this  conponent  should  not  be  assumed  to  cont^n  all  thermal  noise  fluctuations, 
it  onfy  accounts  for  those  fluctuations  associated  with  the  radiation  path. 

Equilibrium-thermal  noise  is  not  only  observed  in  miniature  sensors.  It  can  be  inportant  in 
any  ^stem  designed  for  ultimate  detection  performance.  At  one  extreme  is  the  Laser 
Interferometric  Gravitational-Wave  Observatory  (LI  GO),  with  masses  expected  to  be  10  000 
kilograms  on  suspensions  with  Q’s  from  lO’  to  lO’.  Because  of  the  extremely  small  signals 
anticipated,  molecular  agitation  of  those  large  masses  is  still  a  significant  source  of  noise.  At  the 
other  extreme,  the  50  picogram  "proof  mass"  in  the  geotactic  protozoan  Loxodes  is  just  large 
enough  to  permit  distinguishing  of  up  from  down  in  the  background  of  equilibrium  noise. 

Because  equilibrium  thermal  noise  is  a  consequence  of  classical  thermodynamics,  its 
calculation  does  not  depend  on  any  particular  model  of  the  physical  process.  The  noise  that  results 
from  molecular  bombardment  of  a  suspended  mass  in  thermal  equilibrium  with  a  fluid  can  be 
described  with  complete  accuracy  by  continuum  models  from  fluid  dynamics  (in  terms  of  the 
mechanical  damping  resulting  from  viscosity  in  the  fluid,  or  in  terms  of  the  continuum  radiation 
resistance  into  the  surrounding  fluid,  for  exanple).  There  is  no  need  to  accurately  describe  the 
microscopic  behavior  of  the  fluid.  In  contrast,  shot  noise  is  critically  dependent  on  two  specific 
aspects  of  a  particular  physical  model.  First,  the  earners  (molecules,  electrons,  photons)  must  be 
discrete  objects  and,  second,  these  discrete  objects  must  act  independently:  the  action  of  any  one 
carrier  must  not  depend  on  the  presence  or  absence  of  any  other  earner.  Low  levels  of  electron 
emission  finm  the  cathode  of  a  vacuum  tube,  low  levels  of  current  flow  across  a  reverse-biased 
semiconductor  junction,  current  flows  in  nondegenerate  semiconductors,  photoelectric  excitation  of 
photodiodes,  and  tunneling  of  electrons  represent  instances  in  which  the  carriers  can  be  considered 
to  be  acting  independently.  Molecular  impacts  at  normal  gas  pressures  (because  of  the  veiy  small 
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mean  free  path)  and  electron  flow  in  metals  (because  of  the  interdependence  forced  by  the  exclusion 
principle)  are  situations  in  which  there  is  a  very  high  degree  of  dependence  between  carriers; 
applying  sinqile  shot-noise  analyses  to  these  phenomena  leads  to  substantial  overestimation  of  the 

noise. 

Shot  noise  can  be  an  equilibrium  phenomenon  or  a  nonequilihrium  phenomenon.  In 
equilibrium  shot  noise,  the  calculated  noise  will  be  identical  to  that  obtained  by  an  equffibrium 
thermal  noise  anafysis.  For  example,  a  piece  of  semiconductor  with  no  applied  voltage  (hence,  no 
measurable  average  current)  exhibits  a  noise  voltage  that  can  be  calculated  in  two  ways.  (1)  by 
considering  the  Johnson  noise  associated  with  the  semiconductor's  resistance,  or  (2)  by  considering 
two  equal  (on  average)  but  oppositely  directed  random  currents  related  to  the  independent 
(thermally  excited)  motion  of  the  carriers  and  then  calculating  the  root-mean-square  value  of  the 
voltage  produced  by  these  two  noise  currents.  Often,  there  is  no  observable  average  current  that  can 
be  associated  with  equilibrium  shot  noise.  (An  important  exception  to  this  is  the  case  of  pressure 
fluctuations  in  the  free-molecular  regime;  here,  the  noise  is  direct^  related  to  the  observable 
pressure.)  In  the  equilibrium  case,  the  equilibrium-thermal  anafysis  is  fiindamental;  equilibrium 
shot  noise  is  a  special  case  and  must,  in  any  event,  lead  to  the  same  answer,  not  to  an  additional 
component. 

For  current  in  a  semiconductor,  eqiplication  of  an  external  voltage  forces  the  ^stem  away 
from  equilibrium,  and  the  forward  current  (applied  plus  random)  dominates  over  the  reverse  current 
(random).  The  current  noise  eiqiression  rapidfy  eqiproaches  the  standard  shot-noise  expression  in 
terms  of  the  measurable  current  for  applied  voltages  greater  than  ksT/q  (about  25  mV  at  room 
tPitnppratiire).  This  is  a  classic  example  of  nonequilibrium  shot  noise. 

Since  the  voltage  (25  mV)  beyond  which  shot  noise  would  dominate  over  Johnson  noise  is 
relatively  gmalf  serious  errors  can  be  introduced  by  ascribing  a  shot-noise  conqxment  to  a  material 
with  an  inherently  high  degree  of  dependence  in  the  carrier  flows.  Devices  such  as  inductors, 
capacitors,  resistors  (carbon,  carbon-film,  metal-film,  wirewound),  and  degenerate  (very  highly 
doped)  semiconductors  have  well-populated  conduction  bands.  Since  no  two  electrons  can  occupy 
the  same  spin-state  (the  exclusion  princ^le)  and  most  electrons  in  a  well-populated  band  will  be 
surrounded  1^  occupied  states,  onfy  those  few  electrons  near  the  band  edge  are  enable  of  moving 
to  vacant  states.  Therefore,  only  a  very  small  fiaction  of  the  conduction  electrons  exhibit 
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fluctuations.  The  resultant  noise  can  be  much  lower  than  that  predicted  by  the  usual  shot-noise 
eiqjression. 

Currents  associated  with  potential  junps  (currents  through  PN  junctions,  gate  leakage  currents 
in  FETs,  tunneling  currents)  or  currents  conposed  of  carriers  that  are  thermally  excited  out  of  their 
"rest"  bands  into  sparsely  populated  conduction  bands  (currents  in  intrinsic  or  normally  doped 
semiconductors)  will  exhibit  full  shot  noise.  In  these  cases,  there  are  plenty  of  unoccupied  states 
near  the  occupied  ones  and  the  carriers  can  act  independently  even  if  they  are  electrons  obeying  the 

exclusion  principle. 

If  a  system  is  in  thermal  equikbrium,  then  its  noise  is  conpletely  and  accurately  described  by 
equikbrium  thermal  noise  (mechanical,  electrical,  or  otherwise).  Once  a  system  is  forced  away 
from  equilibrium,  the  noise  frequently  increases  over  the  equilibrium  value.  In  addition  to  non¬ 
equilibrium  shot  noise,  another  common  form  of  this  excess  noise  is  1/f  noise,  so  called  because  its 
power  spectrum  goes  roughly  as  f '  (where  f  is  frequency).  There  is  no  satisfoctory  unifying  theory 
for  1/f  noise  as  there  is  for  equilibrium  thermal  noise  or  shot  noise.  Besides  the  spectral 
dependence,  one  frequentfy  observed  characteristic  of  1/f  noise  is  that  the  power  spectrum  of  that 
noise  is  proportional  to  the  applied  power.  While  processes  are  observed  in  which  a  1/f  behavior  is 
observed  to  extremely  low  frequency,  if  the  noise  power  spectrum  were  1/f  all  the  way  to  zero 
frequency,  the  total  noise  power  would  be  infinite.  Consequently,  a  universal  model  for  1/f  noise 
must  not  only  account  for  the  1/f  spectral  shape,  it  must  also  predict  a  very-low-fiequency  roll-off. 
Unfortunately,  since  the  power  is  concentrated  at  the  low  frequencies,  small  errors  in  the  location 
and  nature  of  the  roll-off  can  lead  to  large  errors  in  the  predicted  magnitude  of  the  noise.  In 
addition,  the  roll-off  itself  is  poorly  understood  because  of  the  difficulty  of  making  measurements  at 
extremely  low  frequencies. 


KEY  TO  INCLUDED  REFERENCES 
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A  PROBLEM  IN  BROWNIAN  MOTION 

By  G.  E.  Uhlenbeck  and  S.  Goudsmit 
Department  of  Physics,  University  of  Michigan 

(Received  April  26,  1929) 

Abstract 

Gerlach  investigated  the  rotatorial  Brownian  motion  of  a  small  mirror  sus¬ 
pended  on  a  fine  wire.  It  follows  from  the  theorem  of  equipartition  that  the  average 
square  deviation  of  the  mirror  will  depend  on  the  temperature  alone  of  the  surrounding 
gas.  Gerlach  verified  this  for  a  large  range  of  pressures  (1  to  10"^  atm).  The  analogy 
which  we  found  that  exists  between  this  problem  and  the  well-known  treatment  of  the 
shot  effect  by  Schottky  enables  us  to  give  a  more  detailed  theory  of  this  phenomenon. 
If  the  displacement,  registered  during  a  time,  long  compared  with  the  characteristic 
period  of  the  mirror,  is  developed  into  a  Fourier  series,  we  find  the  square  of  the  ampli¬ 
tude  of  each  Fourier  component  to  be  a  function  of  the  pressure  and  molecular  weight 
of  the  surrounding  gas  as  well  as  of  its  temperature,  (formula  18).  The  sum  of  the 
squares,  however,  is  a  function  of  the  temperature  alone  (proved  in  section  4).  This- 
explains  why  the  curves  registered  by  Gerlach  at  different  pressures,  though  all 
giving  the  same  mean  square  deviation,  are  quite  different  in  appearance.  To  get 
the  fluctuating  torque  on  the  mirror,  the  expression; 

__16  1 
’’  T  n  cSt^o 

is  obtained  for  the  fluctuation  in  time  of  the  pressure  of  a  gas  on  the  wall  (section  5). 
In  this  n  represents  the  number  of  molecules  per  cc,  c  is  the  mean  velocity  and  Ao  is 
the  surface  of  the  wall. 


I.  Introduction 

INTERESTING  experiments  on  Brownian  motion  around  a  position  of 
equilibrium  have  been  performed  by  Zeeman  and  Houdyk*  in  Amsterdam 
and  by  Gerlach*  in  Tubingen.  The  former  registered  the  motion  of  the  loose 
end  of  a  suspended  wire,  the  latter  photographed  by  means  of  reflected  light 
the  rotational  Brownian  movement  of  a  little  mirror  fixed  on  a  very  fine 
wire.  The  first  experiment  is  theoretically  more  complicated,  because  one 
has  to  consider  the  many  natural  frequencies  of  the  observed  body.  In  the 
experiment  of  Gerlach  on  the  other  hand  the  observed  system  has  only  one 
characteristic  frequency.  We  will  restrict  ourselves  therefore  in  the  following 
treatment  to  the  latter  case. 

In  both  cases  one  can  immediately  predict  by  means  of  the  equipartition 
— theorem  what  the  average  square  of  the  deflection  will  be.  This  will  depend 
on  the  properties  of  the  observed  system  and  on  the  temperature  only  of  the 
surrounding  gas,  not  for  instance  on  its  pressure  or  molecular  weight.  The 
experiments  however  give  more  than  merely  the  average  square  deviation ; 
the  registered  curves  show  to  some  e.xtend  at  least  the  time-dependence  of 

*  P.  Zeeman  and  A.  Houdyk,  Proc.  Acad.  .Amsterdam,  28,  S2  (1925). 

*  W.  Gerlach,  Naturwiss.  15,  15  (1927). 
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the  irreguler  Brot^nUe  motion,  .-is  Professor  Gerlach  kindly 

to  us  the  general  appearance  of  these  curves  is  qu.te  different  at  different 

pressures  of  the  surrounding  gas,  though  the  average  7' 

Lins  the  same  for  any  given  temperature.  The  problem  is  therefore  to 

give  a  more  detailed  theory  of  these  curves. 

^  It  has  occurred  to  us  that  this  problem  may  be  treated  m  ajnanner  quite 
analogous  to  the  method  employed  by  Schottky.*  to  describe  the  well-known 
shot-effect.  In  the  experiments  of  Hull  and  Williams,  the  fluctuating  vo 
tage  in  the  shot-circuit  is  coupled  inductively  with  the  amplification-circuit, 
which  possesses  only  one  characteristic  frequeifcy.  In  the  experiments  o 
Gerlach  the  fluctuating  moment  of  momentum  around  the  m^irror-^xis 
the  gas-molecules,  is  coupled,  by  means  of  collisions,  with  the  amplifying 
mirror,  which  has  also  only  one  characteristic  frequency. 

The  analogy  is  complete  only  when  the  surrounding  gas  is  much  rarefied, 
because  only  then  are  the  moments  of  momentum  given  by  the  gas-mo  e- 
cules  to  the  mirror  in  successive  time-elements  independent  of  each  other 
By  applying  the  method  of  Schottky,  we  will  show  in  Sections  II  and  II 
that  for  this  case  the  amplitudes  of  the  Fourier  components  of  the  motion  de¬ 
pend  on  the  pressure  and  the  molecular  weight  of  the  surrounding  gas.  This 

will  explain  the  different  forms  of  the  observed  curves  under  various  cir¬ 
cumstances. 

II.  The  FouRiER-AK.A.Lysis  of  the  Brownian  Motion 
The  equation  of  motion  of  the  mirror  is  given  by : 

=  M{t) , 

where:  I  is  the  moment  of  inertia  around  the  mirror-axis;  <t> 
of  deflection; /the  friction-coefficient;  P  the  directional  f orce ;  and  )  t  e 
fluctuating  torque,  caused  by  the  collisions  of  the  gas  molecules.  When  we 
introduce  the  frequency  in  27r  sec: 


(2) 

and  the  angular  acceleration: 

T{t)^M(t)/I 

and  put: 

r=fll 

(4) 

Eq.  (1)  becomes: 

=  T(f) . 

(5) 

For  our  further  purposes  it  is  essential  to  give  now  a  more  detailed  discussion 
of  the  meaning  of  M{t)  or  T{t). 

3  W.  Schottky.  Ann.  der  Phys.  57,  541  (1918);  68, 157  (1922).  Comp,  also:  J.  Tinbergen, 

'’‘”'^1'  W.“  un  and  N.  H.  Williama,  Phys.  Rev.  25, 147  (1925).  Comp,  also  N.  H.  WiUiams 

and  H.  B.  Vincent,  Phys.  Rev.  28,  1250  (1926).  Ki  th^  chni- 

'  For  higher  pressures,  the  problem  becomes  analogous  to  the  problem  of  the  shot  effect 

for  high  current  densities.  Because  of  the  space  charge  the  numbers  of  elertrons  hitting  the 
anode^in  successive  time  elements  are  then  not  more  independent  of  »ch  other,  and  the 
Huctuations  decrease.  Comp.  N.  H.  Williams  and  H.  B.  Vincent,  ref.«  p.  1262  and  N.  H. 
Williams  and  W.  S.  Huxford,  Phys.  Rev.  33,  773  (1929). 
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The  actual  microscopic  M*{t)  consists  of  a  large  number  of  sharp  peaks, 
each  corresponding  to  the  impulse  moment  transferred  to  the  mirror  by 
the  collision  of  one  (or  a  few)  molecules.  We  introduce  now  a  “physically 
infinitely  small”  time-element  A^,®  very  small  compared  with  the  character¬ 
istic  period  IttJo)  of  the  mirror  but  within  which  many  collisions  occur.’' 
Our  function  M{t)  consists  of  the  averages  of  all  M*{t)  values  included  in 
each  time-element  A/.  The  actual  value  of  Mit^  for  the  time-element  A/<  is 
of  course  unknown  a  priori,  but  we  can  tell  some  of  its  properties: 

(a)  M{ti)  will  have  equal  chance  of  being  positive  or  negative,  so  that 
the  average  over  all  the  time-elements  is  zero. 

ib)  In  our  case,  when  the  surrounding  gas  is  rarefied,  the  M{t^  in  the 
time-element  A/,-  will  be  independent  of  the  value  M{tj)  in  the  time-element 
A/y. 

(c)  In  Section  V  we  will  show  that  the  mean  of  over  all  the  time- 

elements  is  given  by: 


=  hncpIlpM  (6) 

where:  m  is  the  mass  of  the  gas  molecules;  c  their  mean  velocity;  p  the 
pressure  of  the  surrounding  gas,  and  p  the  mass  of  the  mirror  per  square  cm. 

Let  T  be  the  time  of  observation,  which  must  be  long  compared  with  the 
period  of  the  mirror,  so  that: 

Ai<5C27r/(i;<3Cr.  (7) 

Develop  T(J)  within  the  interval  (0,t)  in  a  Fourier  series: 


where: 


T{1)  =  cos  03^1+ Bk  sin 

k—Q 


<j}k  =  iTkjr 


Ak 


cos  Wkt-dt 


Bk=—  f  T{l)  sinukt-dt 
T  J  0 


(8) 


(9) 


We  can  now  replace  these  integrals  by  the  following  sums: 

2  * 

Ak=—  cos  Wkti- At i 

2  * 

Bk-—  '^T{ti)  sin  ukti-Ati 

T  I 


(10) 


where  Ati  are  the  successive,  equal  time-elements,  and  cos  w*/,-, 

sin  (Okti  are  evaluated  at  a  time  /<  included  within  the  element  A/,-.  Z 

•  We  suppose  them  all  equal. 

^  The  introduction  of  such  an  “physically  infinitely  small”  time  element  is  characteristic 
in  the  kinetic  theory  of  gases.  Comp,  e.g.,  P.  and  T.  Ehrenfest,  Enc.  der  Math.  Wiss.  Vol.  IV, 
Art.  32,  p.  39. 
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is  the  totsi  number  of  time-elements.  The  motion  of  the  mirror  is  then  ex- 
pressed  by: 

^(iS-  Td>dt')=  y  - ^ - [|.4f.W-wfc®)--Bfcrcot}  coswfcf 

+  {. 4 ir«fc+5/:(a)2 -«*=)}  sinc.;*^] 

which  is  the  solution  of  (5)  under  the  conditions  <^  =  ,^,  =  0  for  /  =  0.  These 
conditions  mean  that  we  start  our  observations  only  when  all  external  dis¬ 
turbances  have  been  damped  out,  and  the  remaining  inotion  is  due  only  to 
collisions  with  the  gas  molecules,  or  in  other  words,  we  observe  the  Brownian 
motion  around  the  position  of  equilibrium  and  not  around  an  already  ex¬ 
isting  vibration. 

From  this,  we  find  for  the  time-average  of 


_  1  Ak‘-\-Sk' 

(t>k-=— 


(12) 

2  (w-  — «ifc')'-}-r*uik* 

In  the  case  of  very  low  pressure  it  is  now  possible  to  predict  from  the  three 
properties  (a),  (6)  and  (c)  of  -1/(0  (or  r(0)  the  value  of  and  B* .  From 
(10)  we  have 

Ak^-—  y  y^T{ti)T{tj)  cos  ui:ti  cos 


j-i 


Consider  first  in  this  double  sum  the  terms  with  xVj.  As  a  consequence  of 
property  (b),  in  the  case  of  low  pressure  T{ti)  and  r(0)  are  completely  in¬ 
dependent;  hence  these  terms  will  have  equal  chances  of  being  positive  or 
negative  and  for  large  Z  their  sum  will  vanish.  Consider  next  the  terms  wit 
X  =j,  which  are  all  positive.  Due  to  our  choice  of  Mi,  for  all  frequencies 
of  the  order  of  magnitude  of  co  (and  only  those  give  according  to  (12)  an  ap¬ 
preciable  ^,)  2r/m^i\\  be  very  large  with  respect  to  Mi,  so  that  cos  u,kt 
changes  very  little  over  many  time-elements  Mi.  We  may  therefore  replace 
T^{ti)  by  its  average  value  and  obtain: 

(14) 


4 _  z 

Ak^=—T-{()  y  cos®  u)tti{M,)-. 

T-  t.l 


Finally,  replacing  the  sum  once  more  by  an  integral,  we  have: 

Ak-  =  2/Tf^'M  (15) 

Obviously  the  value  of  Bt®  is  the  same. 

III.  Discussion  of  the  Fin.\l  Formula 
Formula  (6).  which  will  be  developed  in  §5,  together  with  equation  (3)  gives: 

'P{t)  =  Amcp/IpM .  (1^) 

In  §6  we  will  prove,  that  for  the  case  of  low  pressure,  the  friction-coefficient 
is  given  by: 

f=2mcppI/kT.  (1^) 
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Substituting  (IS),  (16),  (17)  in  (12),  we  get  the  final  formula: 

<^*2  = - ^ ^ - - - (18) 

pI-T  irkT{u-  —  o>k^y-\-32p^p^o}k^ 

in  which  the  well-known  relation  is  used  that: 

c={UT/vmY<K 

From  the  analysis  in  Section  1 1  it  is  clear  that  this  formula  may  be  interpreted 
in  the  two  following  ways: 

1.  If  we  resolve  into  Fourier  series  a  great  number  of  curves,  each  observed 
over  a  relatively  short  time  t  (which  however  must  still  fulfill  the  fundamental 
inequality  (7)),  the  mean  square  of  the  amplitudes  of  the  components 
will  be  given  by  (18). 

2.  If  we  analyse  one  curve,  observed  over  a  very  long  time  r,  then  the  square 
of  the  amplitudes  of  the  component  will  also  be  givenj^y  (18). 

The  formula  (18)  shows  the  noteworthy  result,  that  0**  depends  not  only 
on  the  temperature,  but  also  e.\plicitly  on  the  pressure  and  the  molecular 
weight  of  the  surrounding  gas.  As  a  test  we  must  of  course  show,  as  we  will 
do  in  §4,  that  by  summing  over  all  values  of  k,  we  obtain  for  the  mean  potential 
energy  §Z?02  the  equipartition  value  \kT  which  is  independent  of  the  pressure 
and  the  molecular  weight  of  the  surrounding  gas. 

The  dependence  on  the  pressure  is  rather  complicated.  For  frequencies 
co/c  very  near  to  u,  the  0*-  becomes  inversely  proportional  to  p,  and  for  Uk 
very  large  compared  with  w,  the  (j)k-  becomes  almost  directly  proportional 
to  p.  These  latter  terms  of  course  contribute  very  little  to  the  total  motion, 
the  denominator  being  so  large.  When  we  plot  therefore  0*2  against  k,  the 
resulting  curve  has  a  maximum  in  the  neighborhood  of  cj,  which  rapidly 
becomes  very  sharp  as  the  pressure  decreases.  The  motion  of  the  mirror  than 
becomes  more  and  more  “monochromatic.” 


Appendix 


IV.  Proof  of  the  Equip.\rtition  Theorem. 
The  average  potential  energy  of  the  vibrating  mirror  is  equal  to: 

m 

k^O 


(19) 


because  the  different  Fourier  components  are  independent  of  each  other.  Though  we  re¬ 
stricted  ourselves  to  values  of  w*  small  with  respect  to  it  is  permissible  to  extend  the 

summation  to  infinity,  because  tlie  components  with  ut  large  compared  to  w  contribute  very 
little  to  the  sum. 

Equation  (15)  shows,  that  Ak^  and  are  independent  of  k;  hence  from  (12)  and  (IS): 


_  • _  2 _ *  1 

«*=  p«)-a/L  n — .X.' X  A'  'V 


(20) 


The  last  sum  we  now  replace  by  an  integral,  substituting: 


which  gives: 


Xk = w*/ w  “  2  vklrw 

E - 7-r-T—=—  f 

4.0  (u*  ~<i)k')r'-i-'uk^  2irwV  ( 


dx 
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with  very  good  approximation.  The  value  of  the  integral  is  ,ra./2r,«  so  that  we  obtain: 

0i=T^-At/2w*r. 


(21) 


Introducing  the  relations  (16)  and  (17).  and  substituting  from  (2)  and  (4)  the  values  of 
and  r,  we  obtain  immediately: 


lD<t>*=ikT. 


(22) 


V.  Proof  of  the  Fluctuation  Formula  (6)  or  (16). 

This  relation  follows  from  a  consideration  of  the  fluctuations  in  time  of  the  pressure  exerted 
upon  a  wall  by  a  rarefied  gas.  Using  Max^^-el^s  distribution  la»r  one  easily  derives  an  «P«ss»on 
for  the  probability  that  a  molecule  of  a  gas  within  a  volume  V  at  the  temper^u  e  g 
a  portion  Ao  of  the  wall  a  momentum  normal  to  the  wall  lying  between  G  and  G+AG  during  the 

time  At.  It  is:* 


1FA/AoAG=— 


hT 

- —  GrG*/»”’*^’A/AoAG. 

rr  ' 


(23) 


'' 2’ {UmkT)^!^  V 

Let  na  be  the  number  of  molecules,  which  in  the  time-element  AU  give  a  momentum  lying 
between  G,-  and  G,+AG,  to  the  portion  Ao  of  the  wall.  Then  the  total  momentum  given  to 

Ao  during  Mi  becomes: 


i-O 


Using  the  bar  to  denote  the  average  over  all  time-elements,  we  find  easily: 


G*(^)  -G(7^=  (r,C/Hn,)*-  (2, G, •«</)*=  2, G,’(«.r-  («»/)*)  (2^) 

because  the  cross-terms  cancel,  and  the  average  over  the  time-elements  AU  extends  only  over  the 
fiij.  In  general  the  fluctuation  formula  holds: 


and  follows  immediately  from  (23).  after  multiplying  by  the  total  number  of  molecules 
N.  Substituting  then  (25)  in  (24),  and  replacing  the  sum  by  an  integral,  we  obtain : 


for: 


r!77A_7^i=ZL - 1 - AoAl-  f  G^expl-G'-/^”‘^^]dG=2m7pAoAt 

G  (/.)  GW  2  {2wmkTyi^  J  0 


(26) 


p=NkT/V. 


•  See  W.  Schottky.  Ann.  der  Phys.  68,  157  (1922).  1  1  u-* 

•  Integrating  over  G  from  0  to  «.  we  get  for  the  probability  that  a  molecule  hits  in  the 

time  At  the  surface  element  Ao: 


it'A/Ao  *=  cAtAo/4V 


corresponding  to  the  well-known  result  for  the  mean  number  n  striking  1  cm*  of  the  wall  per 
second : 


n»JVc/4F. 

In  the  same  way  we  find  for  the  mean  momentum  given  to  the  wall  taken  over  all  the  mole¬ 
cules  striking  it: 


_ L'TM/a 


and  for  the  mean  square: 


(P^SmkT 
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This,  divided  by  expresses  the  fluctuation  in  time  of  the  pressure  on  the  portion  Ao  of  the 
wall.'*  From  this  it  follows  obviously  that  for  a  disc  of  surface  o  inside  the  gas,  the  mean  of 
the  square  of  the  force  KiU)  taken  over  all  the  time-elements  A/,  is  given  by: 

^i{li)=imcpo/Ai  (27) 

as  for  such  a  disc  K{ti)—0,  and  the  fluctuations  on  the  right  and  left  side  are  independent  of 
each  other. 

For  a  case  like  the  experiment  of  Gerlach  we  must  consi(der  the  moment  of  momentum 
around  the  mirror  axis  instead  of  the  momentum.  The  analogous  formula  for  the  torque  is  then: 


M'{ti) 


x^do  = 


imcpi 

pAt 


where  x  denotes  the  distance  from  the  axis.  This  is  equation  (6). 


VI.  Proof  of  Formula  (17)  for  the  Friction  CoEFFiaENT.^ 

Consider  a  portion  Ao  of  the  mirror,  which  moves,  say  to  the  right  in  the  direction  of  the 
x-axis  with  the  velocity  u.  The  number  of  molecules  per  second,  which  strike  this  from  the 
left,  and  which  lie  within  a  certain  velocity- range  dfdijdf  is: 


dNi  = 


^nkT^od^dvdt 


(28) 


where  we  have  used  Maxwell's  distribution  law,  because  in  our  case  of  very  low  pressure,  the 
mean  free  path  is  large  with  respect  to  the  dimensions  of  the  mirror,  so  that  the  motion  of  the 
mirror  does  not  disturb  the  velocity  distribution  of  the  molecules.  If  x  is  the  distance  from  Ao 
to  the  axis  of  the  mirror,  then  the  moment  of  momentum  imparted  per  second  by  these  mole¬ 
cules  is: 

=  ($-«)’•  .f  .  (29) 

\2TkTj  V 

Neglecting  the  term  with  u-  and  integrating  over  17  and  s'  from  —  00  to  +  « ,  and  over  J  from  0 
to  +  w,  we  get: 

=  px^o — mcXiix^o  ^ 

In  the  same  way,  we  find  for  the  moment  of  momentum  given  to  Ao  per  second  by  mole- 
cules  striking  from  the  right: 


so  that  the  total  moment  of  momentum  given  to  Ao  per  second  is: 

J/i+A/2=  ^Imcpux^oIkT , 


(32) 


Now  u  —  xip,  so  that  we  find  for  the  friction  coefficient: 


which  is  formula  (17). 


2mcp 

TF 


SI 


xHo= 


2  me  pi 
pkT~ 


This  can  be  written  in  the  form: 

''^»-(^)«__._16  j.  _i_ 

(?)*  ^  T  n  cA/Ao 

when  n  is  the  number  of  molecules  per  cc.  It  has  then  the  same  form  as  the  expression  for  the 
fluctuation  in  pressure  of  a  gas  inside  a  volume  element  Atr  (see  R.  Furth,  Die  Schwankungser- 
scheinungen  in  der  Physik,  Vieweg,  Braunschweig,  1920,  p.  58): 

-  Cp  1  1 

- 

C.  n  Ac 

but  it  cannot  be  derived  from  it.  .  ^  .  4aia 

“  Comp.  H.  A.  Lorentz,  Les  theories  statistiques  en  thermodynamique,  Leipzig,  ivio, 
p.  S3. 
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Recent  technological  advances  in  microfabrication  and  fiber  optics  have  made  practical 
the  construction  of  very  small  sensitive  sensors  for  acoustic  or  vibration  measurements. 
As  the  sensitivity  is  increased  or  the  size  is  decreased,  a  sensor  becomes  more  susceptible 
to  mechanical  noise  resulting  from  molecular  agitation.  Traditional  noise  analysis  is 
often  focused  exclusively  on  electrical  or  optical  noise;  consequently,  mechanical-ther¬ 
mal  noise  may  not  be  considered  in  new  types  of  sensors  until  the  prototype  testing 
reveals  an  unexpectedly  high  noise  floor.  Fortunately,  mechanical-thermal  noise  is 
relatively  easy  to  estimate  early  in  the  design  process  because  the  equivalent  noise  force 
is  only  a  function  of  the  temperature  and  the  mechanical  losses  in  the  sensor.  There  are 
a  number  of  specific  techniques  that  are  applicable  for  evaluating  either  the  total 
mechanical-thermal  noise  or  the  spectral  distribution  of  that  noise  for  simple  or 
complex  sensors.  These  techniques  are  presented  and,  in  addition,  a  summary  of  other 
noise  components  is  given  in  the  context  of  design  guidelines  for  high-sensitivity  sensors. 


Introduction 

When  designing  high-sensitivity  sensors,  the  fundamental 
processes  that  limit  performance  must  be  considered.  Al¬ 
though  it  is  commonly  assumed  that  the  first-stage  electron¬ 
ics  controls  the  noise  floor,  unavoidable  fluctuation  phenom¬ 
ena  within  the  sensor  itself  can  sometimes  dominate  the 
noise  performance.  If  these  phenomena  are  not  understood, 
unrealistic  claims  may  be  made  for  the  sensor  design  and  the 
resultant  performance  can  be  disappointing.  Economical  pro¬ 
duction  of  very  small  sensors  is  now  practical  through  tech¬ 
niques  such  as  microfabrication  (for  example,  Hohm  and 
Hess,  1989;  Bergqvist  ct  la.,  1991;  Kiihnel  and  Hess,  1992; 
Bernstein,  1992;  Rockstad  ct  al.,  1993;  Henrion  et  al.,  1990; 
Roylance  and  Angell,  1979;  and  Petersen  et  al.,  1982);  how¬ 
ever,  as  the  size  of  such  sensors  decreases,  the  momg 
elements  become  increasingly  affected  by  molecular  agita¬ 
tion.  To  insure  successful  designs,  this  mechanical-thermal 
noise  must  be  considered. 

While  the  focus  of  this  paper  is  on  miniature  sensors,  it 
should  not  be  assumed  that  physically  large  sensors  are 
immune  from  the  effects  of  molecular  agitation.  The  critical 
issue  is  sensitivity:  a  large  sensor  of  extremely  high  sensitivity 
may  be  affected  as  much  by  molecular  agitation  as  a  very 
small  device  with  a  much  lower  sensitivity.  For  ex^ple,  one 
type  of  sensor  that  is  routinely  operated  near  the  limits  set  by 
molecular  agitation  is  the  transient  gravity-wave  sensor.  The 
anticipated  signal  levels  for  such  sensors  are  so  small  that 
cryogenically  cooled  detectors  with  proof  masses  of  thou¬ 
sands  of  kilograms  are  used  to  reduce  the  molecular-motion 
noise  to  an  acceptable  background  level  (Misner,  et  al., 
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1973).  At  the  other  extreme,  the  biological  gravity  sensor  in 
the  protozoan  Loxodes  (Fenchel  and  Finlay,  1984)  is  only 
required  to  roughly  determine  the  orientation  of  the  organ¬ 
ism  with  respect  to  local  gravity.  The  sensor  consists  of  a  1  to 
2  fiTti  barium  sulfate  granule  suspended  by  a  bundle  of  cilia 
inside  a  fluid-filled  cavity.  This  sensor  also  operates  near  ^e 
limits  imposed  by  thermal  molecular  motion;  on  this  size 
scale,  molecular  agitation  is  so  severe  that,  if  the  barium 
granule  (the  proof  mass)  were  only  a  factor  of  four  smaller, 
the  organism  would  be  incapable  of  distinguishing  up  from 
down! 

Mechanical-thermal  noise  is  a  direct  consequence  of  the 
molecular  motion  associated  with  thermal  equilibrium  ((fal¬ 
len  and  Welton,  1951;  Holier  and  Garrett,  1988;  Uhlenbeck 
and  Omstein,  1930;  Uhlenbeck  and  Goudsmit,  1929;  Kittel, 
1958;  and  Marton  and  Homyak,  1969).  The  analysis  tech¬ 
niques  for  equilibrium-noise  processes  are  simple  and  com¬ 
pletely  analogous  with  the  techniques  for  evaluating  Johnson 
noise  in  electrical  systems.  In  addition,  there  are  also  impor¬ 
tant  nonequilibrium  processes  that  result  in  sensor  noise.  Of 
these,  shot  noise  (Kittel,  1958)  is  also  relatively  simple  to 
analyze;  however,  1/f  noise  (Press,  1978;  Weissman,  1988; 
and  Horowitz  and  Hill,  1989)  is  poorly  understood  (although 
its  impact  can  be  reduced  by  an  understanding  of  its  spectral 
distribution).  This  paper  summarizes  the  basic  methodologies 
for  estimating  the  magnitude  of  equilibrium  noise  and  briefly 
considers  other  noise  mechanisms  relevant  to  sensor  design. 

Fundamentals 

According  to  the  classical  equipartition  theorem  (Callen 
and  Welton,  1951;  and  Kittel,  1958),  if  an  object  is  in  thermal 
equilibrium  with  its  surroundings,  then  each  independent 
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component  of  its  energy  will  have  an  average  value  of  kgT/2 
where  kg  is  Boltzmann’s  constant  (1.38  x  joules  p>er 
kelvin)  and  T  is  the  absolute  temperature.  For  example,  the 
average  kinetic  energy  for  a  simple  harmonic  oscillator  *‘at 
rest”  would  bt  m  <  >  /2  ^  kgT/2  where  m  is  the  mass; 

the  average  potential  energy  of  that  oscillator  would  be 
k  <x^  >  /2  ^  kgT/2  where  k  is  the  spring  constant.  Conse¬ 
quently,  the  mean-square  speed  <  v'^  >  or  the  mean-square 
displacement  <  >  that  results  from  molecular  agitation 

can  be  immediately  determined. 

More  often  than  not,  the  spectral  distribution  of  noise  is 
more  useful  than  the  overall  mean-square  value  for  acoustic 
or  vibration  sensors  (Hofler  and  Garrett,  1988;  and  Marton 
and  Homyak,  1969).  While  the  integral  of  the  noise  spectral 
density  over  all  frequencies  must  equal  the  cquipartition 
value,  the  spectral  distribution  depends  on  the  mechanical 
characteristics  of  the  system.  Fortunately,  the  relationship 
between  the  system  characteristics  and  the  noise  spectri 
density  is  simple:  if  a  noise-force  generator  is  associated  with 
each  dissipation  element  in  the  system  (see  Fig.  1),  the 
proper  system  noise  output  is  produced.  Nyquist’s  relation 
(Callen  and  Welton,  1951)  gives  the  proper  value  for  this 
force  generator:  the  generator  should  have  a  source  spectral 
density  oi^jAkgTR  newtons/;/  Hz  (where  R  is  the  mechanical 
resistance — force  divided  by  velocity — of  the  associated 
damper).  The  noise-force  generator  can  be  converted  to  an 
equivalent  pressure-noise  source  by  dividing  by  the  area  of 
the  sensor  face. 


Simple  Sensors 

Often  the  mechanical  behavior  of  a  sensor  is  modeled 
quite  well  by  a  single,  damped  mass-spring  system  (Fig.  1).  In 
this  case,  there  are  veiy  simple  expressions  for  the  signal-to- 
noise  ratio  for  mechanical-thermal  noise  (Gabrielson,  1993). 
For  a  simple  pressure  sensor,  in  which  the  pressure  com¬ 
presses  a  diaphragm  against  some  restoring  force,  the  signal- 
to-noise  (power)  ratio  is  given  by  the  square  of  the  ratio  of 
the  signal  force  (p,5)  to  the  noise  force: 


SNR 


ip.sf  {p,SfQ 

AkgTRydf  4kgTdfo)om 


(1) 


where  p,  is  the  signal  pressure,  S  is  the  diaphragm  area,  and 
df  is  the  system  or  measurement  bandwidth.  In  the  form  on 
the  right,  the  mechanical  resistance  has  been  replaced  by 
a)Qm/Q  where  Q  is  the  quality  factor,  wq  is  2Tr  times  the 
resonance  frequency,  and  m  is  the  mass. 

For  a  simple  accelerometer,  in  which  a  mass  is  suspended 
inside  a  case,  the  signal-to-noise  ratio  is  also  the  square  of 
the  ratio  of  signal  force  to  noise  force  but  the  signal  force  is 
now  equal  to  the  proof  mass  times  the  signal  acceleration: 


SNR 


Ak^TRi^df 


^kgT  dfo>o 


(2) 


where  is  the  acceleration  signal.  Frequently,  the  df  factor 
is  absorbed  into  the  signal  quantity  so  that  the  equivalent 
pressure  becomes  pressure  (in  Pa)  per  root  Hz  and  the 
equivalent  acceleration  becomes  acceleration  (in  either  m/s^ 
or  “g”)  per  root  Hz. 


Dissipation 

The  relationship  between  damping  in  a  system  and  noise  is 
expressed  by  the  fluctuation-dissipation  theorem  for  systems 
in  thermal  equilibrium  (Callen  and  Welton,  1951).  If  there  is 
a  path  by  which  energy  can  leave  a  system,  then  there  is  also 
a  route  by  which  molecular-thermal  motion  in  the  surround¬ 
ings  can  introduce  fluctuations  into  that  system.  It  is  impor- 


Flg.  1  Schematic  diagram  for  a  simple  harmonic  oscillator  with 
mass,  m,  spring  constant,  *,  and  damper,  R.  Also  shown  is  the 
noise  force  generator,  F,  that  represents  the  mechanical-thermal 
noise. 


tant  to  realize  that  energy  is  removed  from  a  system  not  only 
by  damping  but,  for  example,  by  transfer  to  a  load  or  radia¬ 
tion.  One  of  the  keys  to  evaluating  mechanical-thermal  noise 
is  in  understanding  the  mechanisms  by  which  energy  can 
leave  the  system.  These  mechanisms  can  include  mechanical 
damping  in  the  spring  and  supports,  viscous  drag,  acoustic 
reradiation,  electrical  leakage,  thermal  radiation,  and  mag¬ 
netic  eddy  currents. 

Since  it  is  often  difficult  to  separate  various  damping 
mechanisms  in  a  device,  measurement  of  the  system’s  2  is  a 
valuable  technique  for  noise  assessment.  As  long  as  there  is  a 
single  primary  resonance  and  the  damping  is  independent  (or 
nearly  so)  of  frequency,  the  Q  gives  the  mechanical  resis¬ 
tance  directly  in  terms  of  the  resonance  frequency  and  either 
the  mass  or  stiffness  (Q  ^  cdq  m /R  ^  k/cjQ  R).  (Q  is  also 
the  reciprocal  of  twice  the  damping  factor;  ^  Q  of  0.5 
corresponds  to  critical  damping.)  Many  times,  measurements 
of  a  vibrating  system’s  dominant  mass  and  Q  are  simple;  the 
resistance  and,  therefore,  the  fluctuating  force  can  be  calcu¬ 
lated  from  these  measurements. 

There  arc  instances  in  which  the  damping  can  be  directly 
estimated.  For  example,  microfabricated  sensors  often  have 
very  small  gaps  between  moving  parts.  This  results  in  large 
damping  losses  from  squeeze-film  damping — the  viscous  loss 
associated  with  squeezing  the  fluid  out  between  moving  sur¬ 
faces.  Squeeze-film  damping  can  easily  dominate  the  dissipa¬ 
tion  mechanisms  for  gaps  of  tens  of  microns  or  less.  For  two 
parallel  disks  of  area,  5,  with  average  spacing,  /i,  the  equiva¬ 
lent  mechanical  resistance  is  (Starr,  19^) 

3fiS^ 

^  (3) 


where  is  the  fluid’s  viscosity.  The  dependence  on  spacing  is 
strong. 

If  one  disk  is  perforated,  the  damping  can  be  reduced 
considerably.  In  this  case,  the  mechanical  resistance  is  given 
approximately  by  (Bergqvist  ct  al.,  1991;  and  Skvor,  1967) 


where  N  is  the  total  number  of  holes  in  the  perforated  plate, 
is  the  fraction  of  open  area  in  the  plate,  and 


GiA) 


A  In  A  3 

T  ”  1  4  8 


(5) 


Radiation  resistance  can  be  a  significant  dissipation  mech¬ 
anism  above  10  kHz  (Mellon,  1952).  This  resistance  is  ap- 
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proximately  equal  to  that  for  an  unbaffled  piston  (Kinsler  et 
al.,  1992)  of  radius,  c, 

^rcd  =  pc7Ta}{kaf  /A  (6) 

where  c  is  the  sound  speed  and  k  is  the  acoustic  wave 
number  .(oj/c).  Also,  the  effective  radiation  resistance  from 
thermal  radiation  may  be  important  for  sensors  operating  at 
very  high  temperatures  (He  and  Cuomo,  1992)  since  the 
thermal  radiation  resistance  increases  as  the  fourth  power  of 
temperature. 


Solution  Methods 

If  the  sensor  and  processor  are  not  frequency  selective, 
then  the  mechanical-thermal  noise  floor  can  be  determined 
directly  from  the  equipartition  theorem.  This  has  already 
been  described  for  the  mean-square  displacenient  or  velocity 
for  a  simple  harmonic  oscillator.  For  a  torsional  oscillator 
with  moment  of  inertia,  7,  and  torsional  spring  constant,  AT, 
the  mean-square  angular  displacement,  or  angular  veloc¬ 
ity,  n,  can  be  found  because  the  associated  energies  -  K 
<  >  /2  and  7  <  >  /2  -  are  equal  to  ksT/l,  For  an 

electrical  oscillator  with  inductance,  L,  and  capacitance,  C, 
the  fluctuation  voltage  or  current  can  be  found  by  setting 
C  <V^>  /2ox  L  <  /^  >  /2  equal  to  k^T/l, 

When  the  spectral  distribution  of  the  thermal  noise  is 
required,  a  sensor  can  often  be  evaluated  quickly  for  mechan¬ 
ical-thermal  noise  by  determining  the  damping  and  then 
calculating  the  associated  noise  from  Nyquist’s  relation.  Once 
the  direct  noise  force  is  determined,  the  equivalent  pressure 
or  acceleration  (or  force,  or  whatever)  that  would  be  required 
to  produce  the  same  level  can  be  calculated  and  compared  to 
the  expected  signal  level.  The  equivalent  noise  levels  for 
signal  quantities  can  be  calculated  directly  from  Eq.  (1)  or 
Eq.  (2)  by  setting  the  signal-to-noise  ratio  equal  to  one.  This 
process  is  illustrated  by  two  examples  in  the  next  section. 

In  any  case,  it  is  not  the  absolute  value  of  noise  power  that 
determines  the  usefulness  of  a  sensor;  instead,  the  ratio  of 
signal  to  noise  power  is  the  critical  quantity.  If  a  design 
modification  reduces  the  noise  but,  at  the  same  time,  equally 
reduces  the  signal,  there  is  no  net  benefit.  An  increase  in 
signal  responsivity  often  helps  if  the  noise  performance  is 
limited  by  the  electrical  preamplifier;  however,  if  the  sensor’s 
intrinsic  thermal  noise  limits  the  performance,  further  in¬ 
creases  in  responsivity  are  unproductive. 

Two  other  techniques,  which  are  useful  in  certain  circum¬ 
stances,  are  described  below.  The  first  method — determina¬ 
tion  of  the  noise  from  the  sensor’s  frequency  response— is 
useful  if  little  information  is  available  about  the  sensor  me¬ 
chanics.  The  second  method— electronic  circuit 
simulation — is  useful  for  mechanically  complex  sensors. 

Noise  Estimation  from  Sensor  Frequency  Response.  One 
consequence  of  equipartition  is  that  the  details  of  damping 
need  not  be  known  to  calculate  the  total  thermal-noise 
energy.  The  total  thermal  energy  is  fixed  by  the  system 
temperature;  the  system’s  frequency  response  can  only  redis¬ 
tribute  that  energy.  This  is  illustrated  in  Fig.  2  where  the 
spectral  distribution  of  noise-displacement  power  is  shown 
for  two  simple  oscillators  with  the  same  spring  constant  and 
resonance  frequency  but  different  damping.  For  a  high-Q 
oscillator,  most  of  the  noise  power  is  concentrated  around 
the  resonance,  while  for  the  critically  damped  (G  "=  1/2) 
case,  the  noise  power  is  distributed  over  the  band  below 
resonance.  In  each  case,  the  area  under  the  curves  is  the 
same.  If  the  frequency  response  curve  (measured  or  theoreti¬ 
cal)  is  given  for  a  sensor,  this  curve  can  be  translated  into  the 
noise  spectral  distribution  curve  by  adjusting  the  vertical 
scale  so  that  the  area  under  the  curve  is  k^T/l. 

In  order  for  this  to  work,  the  spectral  shape  of  the  signal 
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Fig.  2  Distribution  of  noise  power  for  two  mass-spring  sy^ems 
with  identical  spring  constant  and  resonance  frequency  but  differ¬ 
ent  damping.  System  A  has  a  Q  of  0.5  and  system  B  has  a  Q  of  4. 
The  noise  power  is  normalized  so  that  the  area  under  the  curve  Is 


response  of  the  sensor  must  be  the  same  as  the  spectral 
shape  of  the  output  of  the  sensor  due  to  thermal  agitation  of 
the  sense  element.  For  the  simple  accelerometer,  the  spectral 
shape  of  the  acceleration  response  is  identical  to  the  shape  of 
the  noise  response;  for  the  simple  pressure  sensor,  the  shape 
of  the  pressure  response  is  identical  to  the  shape  of  the  noise 
response.  This  may  not  be  true  for  more  complicated  sensors 
but,  if  the  behavior  is  dominated  by  a  single  mass-spring 
system,  then  the  following  procedure  may  be  suitable  as  a 
first  approximation  to  the  noise  characteristics. 

The  spectral  density  of  the  noise  is  generally  not  constant 
with  frequency  because  the  mechanical  spring-mass  system 
shapes  the  spectrum  but  the  broadband  noise  is  still  gov¬ 
erned  by  equipartition  so 


> 


:  rx\f)df-ksT/k 


(7) 


This  expression  says  that  the  total  energy  associated  with  the 
mean-square  displacement  is  constant  regardless  of  its  spec¬ 
tral  distribution.  (Of  course,  for  some  sensors  it  might  be 
more  appropriate  to  equate  the  integral  of  velocity-squared 
to  kgT/m.) 

If  the  given  sensor  power  response  function  is  called  Gif) 
and  the  displacement  noise  has  the  same  shape,  then  xHf) 
*  cfiif)  and  all  that  is  needed  is  the  value  of  the  constant 
Cj.  This  is  found  directly  from  Eq.  (7):  if  is  the  area  under 
the  response  curve,  G(/),  then 


and 


Cl  «  k^T/kAf 


X\f)  »  G{f)k^T/kAf 


(8) 


(9) 


(When  the  area  is  calculated,  the  curve  must  be  expressed  in 
a  power-like  quantity — displacement  squared,  pressure- 
squared — and  certainly  never  in  dB).  Once  the  displacement 
noise  is  known,  the  transfer  constant  relating  sense  mass 
displacement  to  sensor  output  can  be  used  to  calculate  the 
sensor  output  noise. 


Circuit  Simulation.  The  more  complex  a  mechanical  sys¬ 
tem  becomes,  the  more  tedious  an  analytical  solution  be¬ 
comes.  A  convenient  alternative  is  to  draw  the  electrical 
equivalent  circuit  for  the  mechanical  system  and  then  use  a 
software  circuit  simulator  like  SPICE  (Tuinenga,  1988)  to  do 
the  analysis.  SPICE,  for  example,  has  a  noise  analysis  com¬ 
mand  that  automatically  calculates  the  equivalent  noise  from 


OCTOBER  1995.  Vol.  117/407 


Journal  of  Vibration  and  Acoustics 


41 


Fig.  3  Schematic  diagram  for  a  compound  accelerometer  consist* 
ing  of  two  damped  mass-spring  systems 


m  p  m  ^ 


Fig.  4  impedance-analogy  equivalent  circuK  for  the  mechanical 
system  shown  in  Fig.  3. 

all  resistors  in  the  circuit.  This  way,  both  mechanical-thermal 
and  electrical-thermal  (Johnson)  noise  contributions  can  be 
included. 

To  illustrate,  consider  the  two-element  accelerometer 
shown  in  Fig,  3.  Here,  the  output  would  be  the  difference  in 
displacement  between  the  two  masses  rather  than  between 
either  mass  and  the  case.  The  equivalent  circuit  (impedance 
^alog)  for  this  accelerometer  is  drawn  in  Fig.  4.  For  the 
impedance  analog,  current  is  velocity  and  voltage  is  force. 

An  inductor  (A/^)  representing  the  frame  mass  has  been 
included  primarily  to  provide  a  convenient  way  of  monitoring 
the  input  acceleration.  In  the  impedance  analogy,  force  and 
velocity  are  the  direct  equivalents  of  voltage  and  current, 
respectively.  Acceleration  is  equal  to  the  force  (voltage)  across 
a  mass  divided  by  that  mass  and  displacement  is  equal  to  the 
force  across  a  stiffness  element  divided  by  that  stiffeess.  In 
this  way,  both  displacement  and  acceleration  can  be  moni¬ 
tored  from  “voltage”  measurements  on  the  circuit.  For  exam¬ 
ple,  the  output  quantity  for  this  compound  device  is  the 
displacement  difference,  This  differential  displace¬ 

ment  is  equal  to  the  difference  between  the  voltages  across 

and  kp  divided  by  the  respective  stiffnesses. 

Examples 

High-Leverage  Optical  Accelerometer.  The  first  example 
is  a  fiber-optic  accelerometer  (Gardner  et  al.,  1987)  that  is 
limited  by  mechanical-thermal  noise  not  because  of  small 
size  but  because  of  the  high  sensitivity  that  results  from  large 
optical  leverage  combined  with  an  interferometric  detector. 
Tliis  device  consists  of  two  arms  each  of  which  is  a  proof 
mass  mounted  on  a  compliant  cylinder.  Each  elastomer  cylin¬ 
der  functions  both  as  a  spring  and  as  a  mechanism  to  couple 
the  displacement  of  the  mass  to  strain  in  an  optical  fiber 
wrapped  around  the  cylinder.  When  the  proof  mass  com¬ 
presses  the  cylinder  axially,  the  cylinder  expands  radially, 
thereby  stetching  the  fiber.  The  arms  are  arranged  so  that 
the  proof  masses  move  out  of  phase  and,  therefore,  one  fiber 
stretches  while  the  other  shrinks  (in  length);  the  two  fibers 
are  the  two  legs  of  a  Michelson  interferometer.  The  responsi- 
tivity  can  be  controlled  by  varying  the  number  of  turns  of 
fiber  on  the  compliant  cylinders.  The  combination  of  the 
Poisson’s  ratio  coupling  through  the  elastic  cylinder,  the 


push-pull  configuration  of  the  legs,  and  the  Michelson  inter¬ 
ferometer  lead  to  high  signal  responsivity  with  reasonable 
fiber  lengths. 

The  prototype  device  has  a  proof  mass  of  0.575  kg,  a 
resonance  frequency  of  327  Hz,  and  a  Q  of  11.  Calculation  of 
the  noise  floor  that  results  from  mechanical-thermal  noise  is 
simple:  the  equivalent  signal  acceleration  that  would  produce 
a  signal-to-noise  ratio  of  one  is,  from  Eq.  (2),  0.23  ng/v^Hz.  If 
thermal  noise  is  ignored,  the  calculated  noise  floor  based  on 
the  noise  of  a  state-of-the-art  interferometer  demodulator  is 
about  0.1  ng/v/Hz  with  the  apparent  potential  for  lowering 
this  even  further  merely  by  winding  more  turns  of  optical 
fiber  on  the  compliant  cylinders.  In  reality,  any  such  improve¬ 
ments  are  illusory:  the  thermal  noise  sets  the  noise  floor  and 
even  cooling  to  liquid  nitrogen  temperature  (77  K)  would 
only  lower  the  equivalent  noise  acceleration  by  a  factor  of 
two. 

Micromachined  Microphone.  Structurally,  at  least,  con¬ 
struction  of  a  very  small  capacitor  microphone  is  feasible 
through  silicon  micromachining  (Hohm  and  Hess,  1989; 
Bergqvist  et  al.,  1991;  Kuhnel  and  Hess,  1992;  and  Bernstein, 
1992).  One  principal  advantage  would  be  the  ability  to  main¬ 
tain  a  small  gap  between  the  capacitor  plates  which  would,  in 
turn,  permit  a  low  bias  voltage  and  relatively  small  plate  area 
for  a  given  capacitance.  A  reasonable  design  goal  might  be  to 
require  a  3  volt  bias  (to  facilitate  battery  operation)  and  no 
less  than  5  pF  capacitance  (to  avoid  exceptional  problems 
with  high  impedance  and  stray  capacitance).  Using  a  conser¬ 
vative  value  of  10  kV/cm  for  the  dielectric  breakdown  of  air, 
the  minimum  plate  spacing  for  3  volts  would  be  3  /im.  The 
minimum  plate  size  for  a  5  pF  capacitor  would  then  be  1.3 
mm  by  1.3  mm  (since  capacitance  is  c  times  plate  area 
divided  by  plate  spacing  and  e  is  8.85  pF/m  for  air).  From 
Eq.  (3),  the  mechanical  resistance  resulting  from  squeeze-film 
damping  is  0.9  N  s/m;  from  Eq.  (1),  the  pressure  for  a 
sign^-to-noise  ratio  of  one  is  70  ^Pa//Hz.  This  corresponds, 
roughly,  to  an  A-weighted  (Kinsler  et  al.,  1982)  level  of  53 
dB.  (Tlie  effective  noise  bandwidth  of  the  A-weighting  func¬ 
tion  is  about  15  000  Hz).  This  is  more  than  25  dB  noisier  than 
the  background  noise  in  a  good  recording  studio  and  is  about 
the  average  background  level  in  a  restaurant  (Anderson, 
1989).  Application  of  such  a  microphone  would  clearly  be 
limited. 

If  one  of  the  plates  is  perforated,  the  squeeze-film  damp¬ 
ing  is  reduced  markedly.  In  the  above  example,  if  1600  holes 
were  etched  in  one  of  the  plates  with  an  open-area  to 
total-area  ratio  of  0.5  (and  the  plate  dimensions  were  in¬ 
creased  to  maintain  the  same  capacitance),  then  the  mechan¬ 
ical  resistance  would  be  reduced  to  2.8  x  10*^  N  s/m  and 
the  noise-equivalent  pressure  would  be  0.6  /iPa//Hz.  The 
effective  A-weighted  level  is  about  12  dB  which  is  more  than 
10  dB  below  the  recording-studio  background.  Such  plate 
perforation  was  originally  explored  in  order  to  produce  a 
usable  responsitivity  and  frequency  response  for  such  micro¬ 
phones;  in  fact,  the  reduaion  in  damping  is  more  critical 
from  the  standpoint  of  producing  an  acceptable  noise  floor. 

Checklist  for  Noise  Design.  Good  engineering  design  of  a 
sensor  should  embody,  among  other  things,  the  following 
philosophy:  sufficient  (but  not  excess)  sensitivity  for  the  ap¬ 
plication.  Cenainly  if  there  is  a  fundamental  noise  limit  that 
would  prevent  detection  of  a  desired  signal,  the  sensor  must 
be  redesigned  (larger,  more  complex,  more  expensive,  heav¬ 
ier,  etc.);  however,  these  efforts  can  be  taken  to  excess. 
There  is  no  point  in  expending  effort  to  reduce  the  sensor 
noise  far  below  any  anticipated  signals;  neither  is  there  any 
point  in  reducing  one  particular  noise  component  if  some 
other  source  of  noise  is  dominant.  With  this  in  mind,  the 
following  list  of  the  common  noise  components  can  be  used 


408  /  Vol.  117,  OCTOBER  1995 


42 


Transactions  of  the  ASME 


as  either  a  starting  point  for  noise-floor  design  for  new 
sensors  or  as  a  checklist  for  evaluating  proposed  sensors. 
Certainly,  if  a  designer  is  claiming  improvements  over  con¬ 
ventional  technology  of  an  order  of  magnitude  (in  size,  or 
responsivity,  or  cost,  etc.)  or  more,  the  evaluator  should 
consider  each  of  these  sources  of  noise  seriously. 

Mechanical-Thermal  Noise.  Any  moving  elements  in  a 
sensor  are  subject  to  molecular  agitation.  This  should  always 
be  considered  if  the  sensor  is  pushing  the  state-of-the-art  in 
sensitivity.  Because  it  is,  perhaps,  the  most  frequently  ne¬ 
glected  source  of  noise,  most  of  this  paper  has  been  devoted 
to  its  characteristics  and  analysis. 

Shot  Noise.  If  the  electrons  (or  any  other  carriers  like 
photons)  in  the  sensor  or  the  associated  electronics  move 
independently  and  randomly,  then  there  will  be  a  shot  noise 
associated  with  that  motion.  Common  sources  of  shot  noise 
are  photodetectors,  semiconductor  PN  junctions,  and  elec¬ 
tron  tunneling.  No  optical  system  can  achieve  noise  levels 
lower  than  shot  noise  if  there  is  a  stage  of  optical-to-electri- 
cal  conversion  because  this  always  involves  independent, 
random,  photon-to-charge  conversion.  For  electrical  cur¬ 
rents,  the  shot-noise  current  density  is  il  ~  2qldf,  where  q  is 
the  unit  charge  (1.6  x  10"^  C)  and  I  is  the  average  current 
(Kittel,  1958)  (i.e.,  the  current  from  a  photodiode  or  the 
current  into  a  PN  junaion). 

Normal  current  flow  in  resistors,  capacitors  and  induaors 
is  strongly  coherent  because  of  the  long-range  interaction  of 
the  fields  of  the  electrons.  In  a  metal,  the  relaxation  time  for 
perturbations  in  charge  density  is  about  10”®  seconds  (Gray, 
1967).  Consequently,  on  any  practical  time  scale,  the  charge 
carriers  do  not  introduce  fluctuations  of  their  own:  they 
merely  image  the  surrounding  lattice  vibrations  (Johnson 
noise).  If  there  is  no  mechanism  for  destroying  this  coher¬ 
ence  (like  a  PN  junction),  then  there  is  no  shot-noise  compo¬ 
nent  (Horowitz  and  Hill,  1989;  Pippard,  1989;  and  Braddick, 
1966). 

1/f  Noise.  Noise  with  a  power  spectrum  that  drops  with 
increasing  frequency  at  about  1/f  is  commonly  observed 
(Press,  19^78;  Weissman,  1988;  and  Horowitz  and  Hill,  1989). 
There  is  no  general  unifying  principle  to  describe  this  noise 
as  there  is  for  shot  noise  or  equilibrium  thermal  noise,  so  its 
magnitude  is  difficult  to  predict.  Since  1/f  noise  is  not  an 
equihbrium  noise,  it  is  only  present  where  there  is  a  source  of 
power  (however  small)  to  sustain  it.  Consequently,  it  is  asso¬ 
ciated  with  polarization  voltages,  bias  voltages,  currents 
through  components  (carbon  resistors,  especially),  currents 
through  oxidized  contacts  (particularly,  aluminum  contacts), 
and  currents  through  semiconductor  devices.  Since  it  is  not 
easily  prediaed,  it  is  normally  measured  for  the  specific 
device  in  question. 

The  designer  should  be  aware  that  1/f  noise  exists  and 
that  its  most  serious  consequences  are  at  low  frequency 
(because  of  the  1/f  spectral  distribution).  This  noise  can 
often  be  eliminated  or  greatly  reduced  by  translating  the 
signal  to  a  frequency  well  above  the  1/f-affected  region.  For 
example,  a  hi^-frequency  AC  bias  applied  to  a  capacitive 
sensor  produces  a  modulated  signal  that  is  much  less  affected 
by  1/f  noise  than  the  baseband  signal  that  would  be  pro¬ 
duced  by  the  same  sensor  with  DC  bias.  Because  of  the 
ubiquity  of  1/f  noise,  such  modulation  techniques  should 
always  be  at  least  considered  for  sensors  intended  for  very 
low  frequency. 

Preamplifier  Voltage  and  Current  Noise.  Usually  only 
the  first  stage  of  preamplification  of  a  sensor  is  important 
from  a  noise  point  of  view.  Amplifiers  can  be  characterized 
by  equivalent  input  current  and  voltage  noise,  which  are  in 
direct  competition  with  the  signal.  For  example,  the  2N4338 
low-noise  JFET  has  a  minimum  voltage  noise  of  8  nV//Hz 


and  a  minimum  current  noise  of  0.8  fA/yHz  (Siliconix,  1991). 
High-impedance  sensors  (e.g.,  capacitive  sensors  at  low  fre¬ 
quency)  are  particularly  affected  by  the  amplifier  current 
noise  as  a  large  equivalent  noise  voltage  can  result  when  this 
noise  current  is  forced  through  the  sensor.  Preamplifier  se¬ 
lection  should  be  based  on  both  the  current  and  voltage  noise 
and  the  reaction  of  these  noise  “sources”  with  the  attached 
comp>onents.  Merely  buying  a  “low  noise”  amplifier  does  not 
necessarily  solve  an  electronics  noise  problem. 

Johnson  Noise  in  Circuit  Resistors.  Any  electrical  resis¬ 
tance  in  the  circuitry  contributes  an  equivalent  voltage  noise 
given  by  =  4  kgT  R  df.  There  are  often  one  or  two 
resistors  in  the  input  stage  that  can  contribute  significant 
noise  to  the  circuit.  If  any  electrical  equivalent  circuit  model 
is  being  used  for  mechanical-thermal  noise  analysis,  the 
preamplifier  can  be  included  and  the  Johnson  noise  calcu¬ 
lated  at  the  same  time. 

Laser  and  Optical  Detector  Noise.  If  an  optical  scheme  is 
being  used,  then  the  device  should  at  least  be  examined  for 
shot  noise.  However,  intrinsic  laser  noise  is  often  much 
higher  than  shot  noise  (Lax,  1991;  Agrawal  1991;  Dandridge 
et  al.,  1981;  and  Henry  1986)  and  so  needs  to  be  considered 
on  a  case-by-case  basis.  Fiber-optic  systems  that  use  two-way 
transmission  in  one  or  more  fiber  legs  (e.g.,  Fabiy-Perot  or 
Michelson  arrangements)  are  susceptible  to  coherent  scatter¬ 
ing  noise  generated  in  the  fiber  (Wood  et  al.,  1988).  In  fact, 
fiber-optic  systems  without  large  optical  leverage  are  gener¬ 
ally  not  capable  of  reaching  the  mechanical-thermal  noise 
limit  because  of  the  difficulties  associated  with  reducing  the 
optical  noise. 

Other  Sources  of  Noise.  The  preceding  list  is  not,  by  any 
means,  a  complete  list  of  noise  mechanisms  but  it  is  a  starting 
point  for  sensor  design.  Of  course,  poor  choice  of  compo¬ 
nents  and  inattention  to  electromagnetic  interference  can 
render  an  intrinsically  good  sensor  ineffeaive. 
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RESONANT  ULTRASOUND  SPECTROSCOPY 


Albert  Migliori 

Los  Alamos  National  Laboratory 

ABSTRACT 

We  describe  Resonant  Ultrasound  Spectroscopy  (RUS)  for  the  measurement  of  elastic 
moduli.  Techniques,  data  analysis  procedures  and  applications  to  solid  state  physics  will  be 
covered.  Examples  of  recent  measurements,  selected  for  their  ability  to  showcase  the  usefulness 
of  RUS  will  be  discussed. 
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ABSTRACT 

The  past  10  years  have  seen  remarkable  progress  in  our  ability  to  rmderstand  and  predict 
sound  propagation  outdoors  at  audible  frequencies  over  ranges  of  kilometers.  The  progress  was 
made  possible  by  two  developments  that  have  taken  place  since  1970.  The  first  development  is 
an  improved  understanding  of  the  atmospheric  boundary  layer,  which  is  the  medium  through 
which  audible  sound  propagates.  The  second  is  a  dramatically  increased  numerical  modeling 
capability  resulting  from  the  parabolic  equation  approximation  (a  one-way  wave  equation)  for 
the  Helmholtz  equation,  (a  two-way  wave  equation).  The  parabolic  equation  or  "PE"  has 
allowed,  for  the  first  time  with  realistic  atmospheric  models,  propagation  predictions  that  can  be 
meaningfiolly  compared  to  experiment.  In  the  present  lecture  we  will  first  discuss  the  basic  ideas 
of  boundary-layer  meteorology  that  are  needed  to  understand  the  dramatic  differences  between 
sound  propagation  in  the  turbulent  daytime  boundary  layer  and  the  stable  nocturnal  boundary 
layer.  Once  realistic  models  for  the  atmosphere  have  been  established,  we  will  outline  the 
physical  and  mathematical  foundations  of  the  PE  method,  beginning  with  a  one-dimensional 
Helmholtz  equation  and  progressing  to  a  three-dimensional  parabolic  equation.  Due  to  time 
limitations,  a  simplified  approach  based  on  the  original  PE  formulation  of  Tappert  will  be 
followed  for  most  of  the  lecture.  The  emphasis  be  primarily  on  physical  insight  and  not 
mathematical  rigor.  Generalizations  of  the  Tappert  PE  that  allow  for  the  incorporation  of  a  finite 
impedance  ground  surfece  will  be  presented  but  not  discussed  in  detail.  Finally,  comparisons 
between  experiment  and  theory  will  be  presented.  The  extent  to  which  realistic  atmospheric 
models  are  needed  to  explain  observed  acoustic  levels  will  be  discussed  in  some  detail. 
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ABSTRACT 

It’s  a  bit  surprising,  but  you  can  cool  a  six.  pack  with  sound.  Two  ways  of  doing  this  will 
be  described.  In  the  first,  the  traditional  standing  wave  method,  we  use  the  fact  that  heat 
(entropy  to  be  more  correct)  is  just  itching  to  crawl  along  the  walls  of  a  resonator  containing  a 
standing  wave.  The  effect  is  strongest  about  halfway  between  the  velocity  antinode  and  the 
pressure  antinode  with  the  heat  flowing  fi'om  the  velocity  to  the  pressure  antinode.  Since  the 
heat  pumping  occurs  in  the  gas  a  Ifraction  of  a  millimeter  fi'om  a  wall,  we  enhance  the  effect  by 
adding  a  lot  of  surface  area  in  a  region  between  the  antinodes,  in  the  form  of  a  stack  of  plates 
with  gaps  lined  up  along  the  acoustic  axis  for  the  sound  to  pass  through.  Heat  exchangers, 
similar  to  car  radiators,  are  placed  on  either  side  of  the  stack.  The  one  facing  the  velocity 
antinode  gets  cold  and  the  one  feeing  the  pressure  antinode  gets  hot,  forming  a  refiigerator.  The 
cold  exchanger  is  used  to  transfer  heat  out  of  a  load,  such  as  the  six  pack,  onto  the  cold  end  of 
the  stack.  The  stack  pumps  the  heat  up  to  a  higher  temperature  with  the  sound  oscillating  in  its 
gaps.  Heat  is  then  deposited  on  the  hot  exchanger,  which  then  transmits  it  out  of  the  resonator  to 
be  exhausted  externally.  A  lot  of  heat  can  be  pumped  fi'om  cold  to  hot  temperatures  this  way 
enough  to  cool  a  house. 

A  second  way  of  cooling  something  is  with  the  recently  invented  thermoacoustic  Stirling 
refiigerator.  The  Stirling  cycle  is  one  of  the  traditional  thermodynamic  cycles,  often  with  a  gas 
compressing  and  expanding  and  passing  through  a  structure  called  a  regenerator.  The 
regenerator  is  similar  to  the  stack  of  plates  just  described,  but  with  gaps  which  are  quite  a  bit 
smaller.  It  turns  out  that  the  desired  phasing  between  the  pressure  and  motion  of  the  gas  is  the 
same  as  that  of  a  traveling  acoustic  wave.  So  in  the  acoustic  version  of  a  Stirling  cycle,  a 
traveling  wave  is  made  to  go  through  the  regenerator.  To  enhance  the  efficiency  of  the 
refiigerator  it  is  also  important  to  increase  the  pressure  swings  and  decrease  the  velocity  swings 
of  an  ordinary  traveling  wave  because  the  velocity  leads  to  viscous  loss  in  the  tight  pores  of  the 
regenerator.  To  do  this,  a  high  amplitude  standing  wave  is  superimposed  on  the  traveling  wave 


48 


with  the  pressure  swings  of  both  constructively  interfering.  Heat  exchangers  are  placed  on  both 
sides  of  the  regenerator,  one  getting  cold  the  other  getting  hot,  and  used  the  as  described  above 
for  the  traditional  thermoacoustic  refrigerator.  The  Stirling  version  has  quickly  achieved  rather 
impressive  efficiencies,  about  the  equivalent  of  a  household  refrigerator. 

Both  of  these  thermoacoustic  refrigerators  can  be  used  “backwards” — ^mstead  of  using 
sound  energy  to  pump  heat  from  cold  to  hot,  they  can  generate  sound  energy  by  allowing  heat  to 
flow  from  hot  to  cold.  This  can  be  used  to  generate  sound,  which  can  then  be  used  to  power  a 
thermoacoustic  refrigerator,  making  a  heat  powered  refrigerator.  Such  a  device  could  be 
powered  by  fuel,  sunlight,  or  the  waste  heat  of  some  other  process,  instead  of  electricity. 

All  of  these  devices  are  relatively  simple  in  their  construction,  with  few  or  no  moving  parts. 
Plus  they  do  not  use  any  of  the  various  chlorofluorocarbons  or  their  akematives,  which  are  both 
harmful  to  the  ozone  layer  and  contribute  to  global  warming.  Instead,  the  working  gas  is 
typically  helium,  or  helium  mixed  with  argon  or  xenon,  or  even  air.  Refrigeration  is  a  huge 
industry,  $750  billion  per  year  worldwide,  and  thermoacoustics  is  one  of  the  very  few 
akematives  to  conventional  vapor  compression  refrigeration,  which  is  under  increasing 
environmental  pressure. 

For  references  that  you  may  look  at  in  preparation  for  the  summer  school,  I  have  included 
two  short  articles.  The  Physics  Today  review  covers  the  state  of  affairs  as  of  five  years  ago.  The 
recent  Letter  to  Nature  briefly  describes  the  Stirling  thermoacoustic  heat  engine,  which  is 
configured  as  a  soimd  source  rather  than  a  refiigerator.  You  might  also  download 
thermoacoustic  animations  from  the  Los  Alamos  Thermoacoustics  web  site  at 
http://www.lanl.gov/thermoacoustics/.  They  are  quite  nice  and  I  intend  on  using  them  in  the 
summer  school.  Those  should  keep  you  busy.  However,  if  you  want  more,  there  is  another 
review  available,  G.  W.  Swift  “Thermoacoustic  Engines  and  Refiigerators,”  Encyclopedia  of 
Modem  Physics,  V.  21,  pp.  245-264,  1997,  which  contains  more  detail  than  the  1995  review. 
And  at  the  web  site  you  can  also  download  a  draft  of  Greg  Swift’s  textbook  on  thermoacoustics. 
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Thermoacoustic  Engines 
AND  Refrigerators 


We  ordinarily  think  of  a 
sound  wave  in  a  gas  as 
consisting  of  coupled  pres¬ 
sure  and  displacement  oscil¬ 
lations.  However,  tempera¬ 
ture  oscillations  always 
accompany  the  pressure 
changes.  The  combination  of 
all  these  oscillations,  and 
their  interaction  with  solid 
boundaries,  produces  a.  rich 
variety  of  “thermoacoustic” 
effects.  Although  these  ef¬ 
fects  as  they  occur  in  every¬ 
day  life  are  too  small  to  be  noticed,  one  can  harness 
extremely  loud  sound  waves  in  acoustically  sealed  cham¬ 
bers  to  produce  powerful  heat  engines,  heat  pumps  and 
refrigerators.  Whereas  typical  engines  and  refrigerators 
have  crankshaft-coupled  pistons  or  rotating  turbines,  ther¬ 
moacoustic  engines  and  refrigerators  have  at  most  a  single 
flexing  moving  part  (as  in  a  loudspeaker)  with  no  sliding 
seals.  Thermoacoustic  devices  may  be  of  practical  use 
where  simplicity,  reliability  or  low  cost  is  more  important 
than  the  highest  efficiency  (although  one  cannot  say  much 
more  about  their  cost-competitiveness  at  this  early  stage). 

The  basics:  Thermoacoustic  engines 

A  thermoacoustic  engine  converts  some  heat  from  a  high- 
temperature  heat  source  into  acoustic  power,  rejecting 
waste  heat  to  a  low-temperature  heat  sink.  The  heat- 
driven  electrical  generator  shown  in  figure  1  illustrates 
the  basic  principle  of  operation.  The  overall  view,  shown 
at  the  top  of  figure  la,  is  reminiscent  of  the  appearance 
of  a  heat  engine  in  many  introductory  thermodynamics 
texts:  The  apparatus  absorbs  heat  per  unit  time  Qh  from 
a  heat  source  at  high  temperature  rejects  heat  per 
unit  time  to  sl  heat  sink  at  low  temperature  and 
produces  acoustic  power  W,  The  first  law  of  thermody¬ 
namics  tells  us  that  W  +  =  QhJ  second  law  shows 

that  the  efficiency  W/Q^  is  bounded  above  by  the  Carnot 
efficiency  (T^  -  T^)ITy,.  (I  will  use  Q  and  W  for  heat  power 
and  acoustic  power,  and  q  and  w  for  the  corresponding 
energies.) 

One  of  the  most  important  scales  in  a  thermoacoustic 
device  is  the  length  of  its  resonator,  which  (together  with 
the  gas  sound  speed)  determines  the  operating  frequency, 
just  as  the  len^h  of  an  organ  pipe  determines  its  pitch. 
This  length  typically  falls  between  10  cm  and  10  m.  In 
figure  la,  with  both  ends  of  the  resonator  closed,  the 
lowest  resonant  mode  is  that  which  fits  a  half-wavelength 
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standing  wave  in  the  resona¬ 
tor,  with  displacement  nodes 
and  pressure  antinodes  at  the 
ends,  as  shown  in  the  lower 
portion  of  figure  1.  The  heat- 
exchange  elements — a  hot 
heat  exchanger,  a  cold  heat 
exchanger  and  a  “stack”  be¬ 
tween  them — are  located 
where  both  oscillating  pres¬ 
sure  and  oscillating  gas  dis¬ 
placement  are  nonzero.  Each 
of  the  two  heat  exchangers  is 
typically  a  set  of  copper  fins, 
£is  open  to  gas  flow  as  possible  (like  a  car  radiator),  and 
is  thermally  anchored  to  its  reservoir  by  metallic  heat 
conduction  or  circulating  fluids.  The  stack  is  simply  a 
well-spaced  stack  of  solid  plates  with  high  heat  capacity, 
also  quite  open  to  gas  flow,  supporting  the  smooth  tem¬ 
perature  profile  between  the  two  heat  exchangers  as 
shown  at  the  bottom  of  figure  la.  Most  of  the  “parallel 
plate”  stacks  constructed  so  far  have  in  fact  been  spirally 
wound,  a  low-cost  configuration. 

To  understand  in  some  detail  the  conversion  of  heat 
to  acoustic  power  by  this  simple  structure,  consider  the 
magnified  view  of  part  of  the  stack  in  figure  lb,  which 
shows  a  typical  parcel  of  gas  at  four  instants  of  time 
during  one  cycle  of  the  acoustic  wave.  The  standing  wave 
carries  the  parcel  left  and  right,  compressing  and  expand¬ 
ing  it,  with  phasing  such  that  it  is  at  its  most  compressed 
state  when  at  its  farthest  left  position,  and  its  most 
expanded  state  at  its  farthest  right  position.  In  typical 
thermoacoustic  engines  and  refrigerators  the  amplitude  of 
the  pressure  oscillation  is  3-10%  of  the  mean  pressure, 
and  the  displacement  amplitude  is  a  similar  percentage 
of  the  length  of  a  plate  in  the  stack. 

The  presence  of  an  externally  imposed  temperature 
gradient  in  the  stack  adds  a  new  feature  to  what  would 
otherwise  be  a  simple  acoustic  oscillation:  oscillatory  heat 
transfer  between  the  parcel  of  gas  and  the  stack.  (To 
simplify  this  discussion,  I  will  neglect  the  adiabatic  tem¬ 
perature  oscillations  that  accompany  the  pressure  oscilla¬ 
tions.)  When  the  parcel  is  at  its  leftmost  position,  heat 
flows  from  the  relatively  hot  stack  plate  to  the  parcel, 
expanding  it;  when  the  parcel  is  at  its  rightmost  position, 
heat  flows  from  it  to  the  relatively  cool  stack  plate, 
contracting  the  parcel.  The  parcel  does  net  work  on  its 
surroundings,  because  the  expansion  takes  place  at  the 
high-pressure  phase  of  the  cycle  and  the  contraction  at 
the  low-pressure  phase,  as  shown  in  figure  Ic. 

(Readers  with  Internet  access  are  encouraged  to  view 
our  computer  animations  of  this  process  and  of  thermoacous¬ 
tic  refrigeration  as  described  below.  The  thermoacoustics 
home  page  is  at  http://rott.esa.lanl.gov/;  select  “educational 


On  the  heels  of  basic  research,  commercial 
developers  are  harnessing  acoustic 
processes  in  gases  to  make  reliable, 
inexpensive  engines  and  cooling  devices 
with  no  moving  parts  and  a  significant 
fraction  of  Carnot’s  efficiency. 
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Absorbing  heat  from 
hotter  part  of  plate 


Moving  left  as  sound 
wave  compresses  it 


Moving  right  as  sound  ^ 
wave  expands  it 


Rejecting  heat  to 
cooler  part  of  plate 


VOLUME  OF  PARCEL 


SIMPLE  THERMO  ACOUSTIC  ENGINE,  a:  Heat  exchangers  and  a  stack  in  a  half-wavelength  acoustic  resonator  convert  some  of 
the  heat  power  Qh  from  a  thermal  reservoir  at  temperature  7^  acoustic  power  W,  rejecting  waste  heat  power  to  another 
reservoir  at  7^.  The  acoustic  power  is  delivered  to  an  electroacoustic  transducer,  which  converts  it  to  electricity.  Plots  below  • 
show  gas  pressure,  gas  displacement  in  the  horizontal  direction  and  average  temperature  as  functions  of  location  in  the  resonator. 
Pressure  and  displacement  are  each  shown  when  the  gas  is  at  the  leftmost  extreme  of  its  displacement  (red),  with  density  and 
pressure  highest  at  the  left  end  of  the  resonator  and  lowest  at  the  right  end,  and  180°  later  in  the  cycle  (blue),  b:  Magnified  view 
of  part  of  the  stack  shows  a  typical  parcel  of  gas  (greatly  exaggerated  in  size)  as  it  oscillates  in  position,  pressure  and  temperature, 
exchanging  heat  dq  with  the  nearby  plates  of  the  stack.  Plates  are  separated  by  about  four  thermal  penetration  depths  5,^. 
c:  Pressure-volume  {p-V)  diagram  for  the  parcel  of  gas  shows  how  it  does  net  work  bw  =  §p  dV  on  its  surroundings.  FIGURE  1 


demonstrations.”  For  DOS-based  computers,  the  executable 
file  FANCY.EXE  and  text  file  FANCY.txt  can  be  downloaded.) 

The  net  work  that  the  parcel  does  on  its  surroundings 
is  delivered  in  each  cycle  of  the  acoustic  oscillation.  The 
parcel  and  all  others  like  it  within  the  stack  deliver 
acoustic  power  W  to  the  standing  wave;  the  standing  wave 
delivers  it  in  turn  to  the  electroacoustic  transducer.  Each 
parcel  absorbs  a  little  heat  from  one  location  in  the  stack 
and  deposits  a  little  heat  farther  to  the  right,  at  a  cooler 
location  in  the  stack.  With  respect  to  heat,  all  the  parcels 
act  like  members  of  a  bucket  brigade,  with  the  overall 
effect  being  absorption  of  Qh  the  hot  heat  exchanger 
and  rejection  of  Q^  at  the  cold  heat  exchanger. 

A  second  important  scale  in  a  thermoacoustic  engine 
is  the  separation  between  plates  in  the  stack,  which 
determines  the  nature  of  thermal  contact  between  the 
plate  and  the  t3^ical  parcel  of  gas.  Imperfect  thermal 
contact  is  needed  to  accomplish  the  cycle  shown  in  figure 
1,  because  it  is  desirable  to  have  good  thermal  contact 
when  the  parcel  is  stationary  or  nearly  so,  but  poor 
thermal  contact  while  it  is  moving.  Detailed  analysis 
shows  that  a  spacing  between  plates  of  about  four  thermal 
penetration  depths  -  ^KlirfpCp  is  best,  where  k  is  the 
thermal  conductivity  of  the  gas,  p  is  its  density,  Cp  its 
isobaric  specific  heat  per  unit  mass  and  f  the  frequency 
of  the  acoustic  oscillation;  5^  is  roughly  the  distance  heat 
can  diffuse  through  the  gas  during  a  time  I/tt/.  In  today’s 


thermoacoustic  systems,  8^  is  typically  a  fraction  of  a 
millimeter. 

Heat-driven  acoustic  oscillators  such  as  that  shown  in 
figure  1  have  been  known  for  over  a  centuiy.  The  earliest 
and  simplest,  known  as  the  Sondhauss  tube,  was  discovered 
accidentally  by  European  glassblowers;  a  later  example,  the 
Taconis  oscillator,  is  well  known  today  to  users  of  liquid 
helium.  In  each  of  these  early  thermoacoustic  engines,  the 
resonator  itself  was  only  several  8^  in  diameter,  and  its  walls 
also  served  the  functions  of  stack  and  heat  exchangers.  The 
use  of  an  explicit  stack  (with  multiple  parallel  passages)  and 
heat  exchangers  in  larger-diameter  resonators  to  increase 
overall  power  began  with  Robert  L.  Carter  in  the  1960s. ^ 

Although  progress  toward  a  theoretical  understanding 
of  these  phenomena  began  with  Lord  Rayleigh  120  years 
ago,  a  quantitatively  accurate  theory  of  thermoacoustics 
was  not  developed  until  the  1970s,  through  the  efforts  of 
Nicholas  Rott  and  coworkers.^  This  theory  is  based  on  a 
low-amplitude  linearization  of  the  Navier-Stokes,  conti¬ 
nuity  and  energy  equations  with  sinusoidal  oscillations  of 
all  variables.  It  is  remarkable  that  such  qualitatively 
simple  classical  phenomena  went  without  a  quantitatively 
accurate  explanation  -until  late  in  this  century. 

The  basics:  Thermoacoustic  refrigerators 

Another  chapter  in  the  development  of  thermoacoustics 
began  at  Los  Alamos  National  Laboratory  in  the  early 
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Simple  thermoacoustic  refrigerator,  a:  Electroacoustic  transducer  at  the  left  end  delivers  acoustic  power  W  to  the 
resonator,  producing  refrigeration  at  low  temperature  and  rejecting  waste  heat  power  Qi^  to  a  heat  sink  at  T^.  As  in  figure 
1,  this  is  a  half- wavelength  device  with  a  pressure  node  at  the  midpoint  of  the  resonator.  The  temperature  gradient  in  the 
refrigerator’s  stack  is  much  less  steep  than  that  in  the  stack  for  the  engine  shown  in  figure  1.  b:  Magnified  view  of  part  of  the 
stack  shows  a  typical  parcel  of  gas  as  it  moves  heat  dq  up  the  temperature  gradient.  Here  ^  p  6V  <  0,  so  the  pressure-volume  cycle 
analogous  to  figure  Ic  goes  counterclockwise,  and  the  parcel  absorbs  work- from  its  surroundings.  FIGURE  2  ' 


1980s  with  the  invention  of  thermoacoustic  refrigeration.^ 
The  basic  principle  of  operation,  illustrated  in  figure  2,  is 
very  similar  to  that  of  .thermoacoustic  engines,  but  here 
the  temperature  gradient  in  the  stack  is  much  lower.  As 
the  gas  oscillates  along  the  stack,  it  experiences  changes 
in  temperature.  Much  of  the  gas’s  temperature  change 
comes  from  adiabatic  compression  and  expansion  of  the 
gas  by  the  acoustic  pressure,  and  the  rest  is  a  consequence 
of  heat  transfer  with  the  stack.  At  the  leftmost  position 
of  the  parcel  of  gas  shown  in  figure  2b,  it  rejects  heat  to 
the  stack,  because  its  temperature  was  raised  above  the 
local  stack  temperature  by  adiabatic  compression  caused 
by  the  standing  wave.  Similarly,  at  its  rightmost  position, 
the  parcel  absorbs  heat  from  the  stack,  because  adiabatic 
expansion  has  brought  its  temperature  below  the  local 
stack  temperature.  Thus  the  parcel  of  gas  moves  a  little 
heat  from  right  to  left  along  the  stack,  up  the  temperature 
gradient,  during  each  cycle  of  the  acoustic  wave. 

All  the  other  parcels  in  the  stack  behave  similarly, 
so  that  the  overall  effect,  again  as  in  a  bucket  brigade,  is 
the  net  transport  of  heat  from  the  cold  heat  exchanger  to 
the  hot  heat  exchanger,  with  absorbed  at  and  Qh 
rejected  at  T^.  The  parcel  absorbs  acoustic  work  from  the 
standing  wave,  because  the  thermal  expansion  of  the 
parcel  of  gas  occurs  during  the  low-pressure  phase  of  the 
acoustic  wave  and  the  thermal  contraction  during  the 
high-pressure  phase.  The  resulting  acoustic  power  W 
absorbed  by  all  the  parcels  in  the  stack  can  be  supplied 
by  a  loudspeaker,  a  thermoacoustic  engine  or  other  means. 
The  first  law  of  thermodynamics  once  again  determines 
that  W  -t-  Qc  =  Qhl  second  law  shows  that  the  relevant 
efficiency,  known  as  the  coefficient  of  performance,  is 
bounded  above  by  the  Carnot  coefficient  TJ{Ty,-T^. 

The  steepness  of  the  temperature  gradient  in  the 
stack  determines  whether  a  thermo  acoustic  device  is  a 
refrigerator  (which  has  work  done  on  it)  or  an  engine 
(which  does  work).  In  an  engine,  with  a  steep  temperature 
gradient  as  shown  in  figure  1,  the  gas  parcel  finds  itself 
cooler  than  the  local  stack  temperature  after  its  adiabatic 
compression  during  displacement  to  the  left,  so  it  absorbs 
heat  from  the  stack  at  high  pressure  and  expands.  In 
contrast,  in  a  refrigerator,  with  a  shallow  gradient,  the 
gas  parcel  finds  itself  warmer  than  the  local  stack  tem¬ 
perature  after  its  adiabatic  compression  during  displace¬ 
ment  to  the  left,  so  it  rejects  heat  to  the  higher-tempera¬ 
ture  part  of  the  stack  and  contracts. 


Figure  3a  shows  schematically  the  first  efficient  ther¬ 
moacoustic  refrigerator,^  designed,  built  and  studied  by 
Tom  Hofler.  It  illustrates  several  features  of  many  of 
today’s  thermoacoustic  devices.  The  resonator  had  a 
slightly  complicated  geometry,  which  maintained  the  de¬ 
sired  frequency,  pressure  amplitude  and  displacement 
amplitude  at  the  stack  while  reducing  the  total  length  to 
much  less  than  half  the  wavelength.  This  geometry  also 
reduced  viscous  and  thermal  losses  on  the  resonator  walls 
and  suppressed  the  harmonic  content  so  that  the  sound 
wave  remained  purely  sinusoidal  in  time.  The  pressure 
antinode  is  at  the  driver  piston,  and  the  pressure  node  is 
at  the  widening  neck  near  the  sphere,  so  this  is  essentially 
a  quarter-wavelength  apparatus,  even  though  the  spatial 
dependence  of  the  pressure  is  not  exactly  a  cosine.  High- 
pressure  helium  gas  was  used:  High  pressure  increases 
the  power  per  unit  volume  of  apparatus,  and  helium, 
having  the  highest  sound  speed  and  thermal  conductivity 
of  the  inert  gases,  further  increases  the  power  density  and 
allows  spacings  within  the  stack  and  heat  exchangers  to 
be  as  large  as  possible,  for  ease  of  fabrication.  The 
loudspeaker-like  driver  was  located  at  a  pressure  antinode 
of  the  standing  wave,  so  that  the  acoustic  power  was 
delivered  with  high  force  and  small  displacement,  easing 
engineering  difficulties  associated  with  the  flexing  portion 
of  the  driver.  This  location  also  placed  it  next  to  the  hot 
heat  exchanger,  where  heat  generated  in  the  driver  could 
be  removed  most  efficiently. 

Figure  3b  shows  some  of  the  data  obtained  with  this 
refrigerator,  which  reached  a  of  -70  °C  and  had  a 
cooling  power  of  several  watts  with  acoustic  pressure 
amplitudes  of  3%  of  the  mean  pressure.  The  curves  in 
the  figure  were  calculated  using  publicly  available  soft¬ 
ware^  based  on  the  theory  developed  by  Rott  and  are  in 
reasonable  agreement  with  the  data.  The  calculations 
have  no  adjustable  parameters;  they  simply  use  the  ge¬ 
ometry  of  the  apparatus  and  the  properties  of  helium  gas. 

Commercial  developments 

Attempts  to  develop  practical  devices  based  on  thermo¬ 
acoustics  began  just  a  few  years  ago,  throughout  the  US 
and  on  four  other  continents.  This  surge  of  interest  was 
due  to  the  interaction  of  several  factors:  the  new  “tech 
transfer”  emphasis  at  government  laboratories;  the  engi¬ 
neering  development  of  some  thermoacoustic  refrigerators 
at  the  Naval  Postgraduate  School  in  Monterey,  California, 
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under  the  enthusiastic  leadership  of  Steve  Garrett;  the 
crisis  in  the  refrigeration  industry  caused  by  the  destruc¬ 
tion  of  stratospheric  ozone  by  chlorofluorocarbons;  and  the 
maiTiage  of  thermoacoustic  engines  with  orifice  pulse-tube 
refrigerators  (discussed  below).  To  illustrate  the  breadth 
of  applications  under  way,  I  have  chosen  four  examples 
from  among  the  corporate-sponsored  thermoacoustics  pro¬ 
jects  that  I  know  of. 

The  thermoacoustic  refrigerator  shown  in  figure  4a  is 
a  prototype  for  a  food  refrigerator.  Built  at  CSIR  (formerly 
called  the  Council  for  Scientific  and  Industrial  Research) 
in  the  Republic  of  South  Africa  with  corporate  support,  it 
is  a  direct  descendant  of  a  thermoacoustic  refrigerator® 
that  was  originally  intended  for  preserving  blood  and  xirine 
samples  on  the  space  shuttle.  It  is  a  symmetrical,  essen¬ 
tially  half-wavelength  device  driven  by  modified  loud¬ 
speakers  on  both  ends,  with  two  stacks,  each  with  two 
heat  exchangers.  The  pressure  node  is  at  the  center  of 
the  bottom  section.  Use  of  two  stacks  maximizes  cooling 
power  for  a  given  resonator  size,  all  other  things  being 
equal.  For  compactness,  the  fiberglass  resonator  is  formed 
in  a  “U”  shape,  with  little  effect  on  the  acoustics.  Cooling 
power  (tjrpically  100  W)  and  temperatures  are  appropriate 
for  residential  food  refrigeration  in  most  of  the  world. 
(American  refrigerators  are  larger  than  most  and  hence 
require  about  twice  as  much  cooling  power.) 

Scientists  at  Ford  Motor  Company  built  the  thermo¬ 
acoustic  refrigerator  depicted  on  the  cover  of  this  issue. 
The  driver  is  at  the  displacement  maximum  of  the  quar¬ 
ter-wavelength  standing  wave  (instead  of  at  the  pressure 
maximum  as  in  the  refrigerators  of  figures  3a  and  4a). 
Thus  in  this  refrigerator  acoustic  power  is  delivered  with 
small  pressure  and  large  volumetric  displacement,  accom¬ 


plished  by  using  a  large  area  in  the  driver.  The  driver’s 
losses  flow  to  the  cold  heat  exchanger,  but  this  is  a  minor 
problem  if  the  driver  is  efficient  and  is  not  too  far  below 
Th.  Water  inlet  and  outlet  tubes  (gray  in  the  diagram), 
essentially  serving  as  the  hot  and  cold  thermal  reservoirs, 
are  clearly  visible  at  the  heat  exchangers.  This  device 
operates  at  10  bars  with  either  helium  driven  at  430  Hz  or 
a  mixture  of  80%  helium — 20%  argon  driven  at  260  Hz. 

At  Tektronix  Corporation  in  Beaverton,  Oregon,  re¬ 
searchers  are  developing  a  system  for  cooling  electronics 
to  cryogenic  temperatures.  A  thermo  acoustic  engine 
drives  an  orifice  pulse-tube  refrigerator,’^  which  is  related 
to  both  Stirling  and  thermoacoustic  refrigerators.  The 
system  thus  constitutes  a  heat-driven  cryogenic  refrigera¬ 
tor  having  no  moving  parts;  it  has  cooled  to  150  K.  It 
has  a  half-wavelength  resonator  with  resistively  heated 
thermoacoustic  engines  near  both  ends.  In  a  sidebranch, 
500  W  of  acoustic  power  from  these  engines  is  delivered  to 
the  piolse-tube  refrigerator. 

The  largest  thermoacoustic  engine  to  date,  under 
construction  at  Cryenco  Inc  in  Denver,  Colorado,  will  also 
drive  a  pulse-tube  refrigerator.  The  heat  source  for  the 
engine  will  be  natural  gas  combustion.  Intended  for 
industrial  and  commercial  liquefaction  of  natural  gas  it 
will  measure  12  meters  long,  and  will  use  two  H-nieter- 
diameter  spiral  stacks  (figure  4b)  to  produce  40  kW  of 
acoustic  power  at  40  Hz  in  30-bar  helium  gas.  The  device 
should  be  completed  this  year. 

Power  and  efficiency 

The  power  of  thermoacoustic  devices  is  roughly  propor¬ 
tional  to  Pavg^ci(Posc/Pavg)^>  where  Pavg  is  the  average  pres¬ 
sure,  A  the  cross-sectional  area  of  the  stack,  a  the  sound 


FIRST  EFFICIENT 
THERMOACOUSTIC 
REFRIGERATOR  (a) 
and  some  of  its 
performance  parameters 
(b)  as  measured*^  (data 
points)  and  calculated^ 
(curves)  for  operation 
with  500-Hz  pressure 
oscillations  in  10-bar 
helium  gas,  and  with 
Th  =  300  K.  Blue  circles 
are  data  for  1.5% 
pressure  oscillations;  red 
circles,  3%.  The  gross 
cooling  power 
includes  the  deliberately 
applied  load  plus  some 
small  parasitic  loads  such 
as  heat  leak  from  room 
temperature.  The 
coefficient  of 
performance  {COP) 
equals  with  W 

the  acoustic  power 
delivered  to  the 
resonator.  FIGURE  3 


GROSS  COOLING  POWER  Q,,,  (watts) 
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Two  COMMERCIALLY 
INTERESTING  thermoacoustic 
systems,  a:  Half- wavelength 
refrigerator  with  two  stacks 
driven  by  two  loudspeakers  was 
built  at  CSIR  in  South  Africa. 

It  operates  at  120  Hz  with 
15-bar  neon.  The  heat 
exchangers  are  located  where  the 
water  lines  connect  to  the  green 
resonator  body.  (Courtesy  of 
Peter  Bland,  Quadrant.)  b:  One 
of  the  two  spiral  stacks  for  the 
largest  thermoacoustic  engine  to 
date,  being  built  by  Cryenco 
Inc.  (Courtesy  of  John  Wollan, 
Cryencd.)  FIGTjRE  4 


b 


speed  of  the  gas  and  the  amplitude  of  the  oscillatory 
pressure.  Helium  (with  high  sound  speed)  is  often  used, 
typically  at  a  pressure  above  10  bars.  In  the  examples 
cited  in  the  previous  section,  Posc^Pavg  values  range  from 
0.03  to  0.10,  chosen  as  design  compromises  between  the 
high  power  density  achieved  at  high  amplitude  and  the 
high  confidence  in  the  quantitative  accuracy  of  Rott-based 
calculations  at  low  amplitude. 

The  efficiency  of  thermoacoustic  devices  falls  below 
Carnot’s  efficiency  because  of  five  major  sources  of  irre¬ 
versibility — ^“inherent,”  viscous,  conduction,  auxiliary  and 
transduction  losses: 


>  Inherent  loss  arises  from  the  heat  transfer  to  and  from 

each  parcel  of  gas  in  the  stack  as  shown  in  figures  1  and 
2:  Whenever  heat  dq  is  transferred  across  a  nonzero 
temperature  difference  5T,  the  entropy  of  the  universe 
increases^  by  dq  8T/T^,  This  irreversibility  is  unavoidable 
in  the  thermoacoustic  process,  relying  as  it  does  on  im¬ 
perfect  thermal  contact  for  the  correct  phasing  between 
pressure  oscillations  and  thermal  expansion-contraction. 
I>  Viscous  loss  in  the  stack  occurs  because  work  must  be 
done  to  overcome  viscous  shear  forces  as  the  gas  oscillates 
between  the  plates.  The  viscous  penetration  depth 
K  =  (where  p  is  viscosity)  is  comparable  to  the 

thermal  penetration  depth,  so  most  of  the  space  between 
the  plates  experiences  significant  viscous  shear  (and  the 
parcels  in  figures  1  and  2  actually  experience  significant 
shape  distortions). 

>  Simple  heat  conduction  from  the  hot  heat  exchanger  to 
the  cold  one  through  the  stack  material  and  the  gas  is  a 
further  loss. 

>  These  first  three  losses  also  occur  in  auxiliary  parts  of 
a  thermoacoustic  system:  Viscous  and  inherent  losses  in 
the  heat  exchangers  and  conduction  loss  in  the  portion  of 
the  resonator  case  surrounding  the  stack  are  usually  the 
most  important  auxiliary  losses  in  large  systems,  while 
viscous  and  inherent  losses  on  other  surfaces  in  the 
resonator  are  important  in  small  systems. 

>  Electroacoustic  power  transducers  introduce  additional 
loss.  For  the  refrigerators  shown  on  the  cover  and  in 
figures  3a  and  4a,  the  dominant  transducer  loss  is  Joule 
heating  in  the  copper  wires  of  the  loudspeakers. 

For  many  high-power-density  designs,  the  first  four 
sources  of  irreversibility  contribute  roughly  equally  to  the 
inefficiency  of  thermo  acoustic  devices.  About  40%  of  Car¬ 
not’s  efficiency  is  typical  of  the  best  current  designs,  using 
computer  modeling  based  on  Rott  theory,  for  both  engines 
and  refrigerators;  higher  efficiencies  are  possible  if  power 
density  is  sacrificed,  and  lower  efficiencies  are  the  reality 
when  electroacoustic  transduction  losses,  losses  in  auxil¬ 
iary  equipment  and  deviations  from  Rott  theory  at  high 
amplitudes  are  included.  The  most  efficient  engine  built 
to  date  delivered  acoustic  power  to  its  load  at  23%  of 
Carnot’s  efficiency  (based  on  total  heater  power);  the  most 
efficient  refrigerator®  provided  gross  cooling  power  at  20% 
of  Carnot  (based  on  acoustic  power  delivered  to  the  reso¬ 
nator).  These  efficiencies  are  impressive  for  devices  with 
no  moving  parts,  and  they  are  comparable  to  the  efficien¬ 
cies  of  small,  inexpensive  commercial  equipment.  They 
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RECENT  MEASUREMENTS  AND  CALCULATIONS  for  a 
thermoacoustic  engine  similar  to  that  shown  in  figure  1,  but 
with  no  transducer.  The  heater  power  Q^,  hot  temperature  7]^ 
and  oscillating  pressure  amplitude  are  all  normalized,  but 
note  the  different  vertical  scales.  Circles  are  measurements 
from  ref.  16;  lines  are  calculations  done  using  ref.  5.  Red  is  for 
helium  at  0.96  megapascals;  green,  neon  at  0.70  MPa;  blue, 
argon  at  0.359  MPa.  These  pressures  were  chosen  to  make  the 
thermal  penetration  depth  equal  to  0.22  mm  at  the  cold  end 
(rj  in  all  cases.  FIGURE  5 


fall  far  short  of  the  efficiencies  of  well-engineered,  expen¬ 
sive  steam  turbines  or  large-scale  vapor-compression  re¬ 
frigeration  equipment,  for  which  over  80%  of  Carnot's 
efficiency  has  been  achieved. 

If  future  inventions  and  improvements  to  basic  un¬ 
derstanding  can  improve  the  efficiency  or  raise  the  power 
density  of  thermoacoustic  engines  and  refrigerators  with¬ 
out  sacrificing  their  simplicity,  they  will  find  more  wide¬ 
spread  use.  One  way  to  increase  efficiency,  first  demon¬ 
strated  by  Hofler,^  is  to  use  a  mixture  of  helium  and  a 
heavier  inert  gas  as  the  working  substance.  The  Prandtl 
number  cr  -  fxc^l  k  =  is  a  dimensionless  measure  of 

the  ratio  of  viscous  to  thermal  effects  in  fluids;  lower 
Prandtl  numbers  give  higher  efficiencies  in  thermoacous¬ 
tics.  Kinetic  theory  predicts  a  =  2/3  for  hard-sphere  mona¬ 
tomic  gases,  and  indeed  real  monatomic  gases  have  values 
very  close  to  this.  (For  instance,  helium  at  room  tempera¬ 
ture  has  cr  =  0.68.)  Fortunately  mixtures  of  a  heavy  and 
a  light  monatomic  gas  have  Prandtl  numbers  significantly 
lower  than  2/3.  The  thermoacoustic  refrigerator  intended 
for  the  space  shuttle  that  was  mentioned  above®  used  89% 
helium  and  11%  xenon,  with  a  =  0.27,  to  achieve  its  20% 
efficiency,  compared  with  17%  efficiency  for  the  similar 
apparatus  shown  in  figure  3  when  optimized  for  pure 
helium  gas.  However,  with  a  sound  speed  less  than  half 
that  of  pure  helium,  the  gas  mixture  reduced  the  power 
density. 


Beyond  the  basics 

In  the  US  our  understanding  of  thermo  acoustics  is  ad¬ 
vancing  beyond  the  foundations  established  by  Rott, 
thanks  to  physicists  at  many  universities  and  national 
laboratories. 

Rott  and  his  collaborators  considered  two  geometries 
for  thermoacoustic  processes:  parallel-plate  channels  (most 
commonly  used,  as  we  have  discussed  above)  and  circular 
channels.  Wondering  if  some  geometries  might  be  better 
than  others,  W.  Patrick  Arnott,  Henry  Bass  and  Richard 
Raspet^®  at  the  University  of  Mississippi  added  rectangu¬ 
lar  and  triangular  channels,  established  a  common  for¬ 
malism  for  all  channel  geometries  and  concluded  that 
parallel-plate  channels  are  the  most  efficient.  The  reason 
is  subtle:  Viscous  losses  occ'ur  mostly  at  and  near  channel 
walls,  within  a  characteristic  distance  equal  to  the  viscous 
penetration  depth  5^,  while  the  desirable  thermoacoustic 
effects  portrayed  in  figures  1  and  2  occur  mostly  away 
from  w^ls,  at  a  characteristic  distance  equal  to  the  ther¬ 
mal  penetration  depth  from  them.  Thus  for  the  usual 
case  of  5^  ==  6^,  extremely  concave  channels  (imagine  tri¬ 
angles)  squeeze  the  desirable  effects  into  a  small  fraction 
of  the  channel  cross-sectional  area  in  the  center,  leaving 
a  relatively  large  area  near  the  perimeter  causing  viscous 
loss.  Capitalizing  on  this  analysis,  Ulrich  Muller  has 
proposed  that  the  “channels”  formed  by  the  space  in  a 
two-dimensional  array  of  parallel  wires^^  (aligned  along 
the  direction  of  acoustic  oscillation  and  spaced  by  a  few  6,,) 
would  give  even  higher  efficiency  than  parallel  plates. 
Tapered  channels^^  and  modifications  of  the  phase  be¬ 
tween  pressure  and  velocity^®  are  also  being  studied  for 
improving  efficiency. 

The  most  promising  route  to  higher  power  densities 
is  increasing  (posc/Pavg)^  but  doing  so  will  take  us  further 
from  the  range  of  small  oscillations  on  which  Rott  theory 
and  its  current  extensions  are  fundamentally  based. 
Rott’s  assumptions  include  the  following: 

>  a  gas  displacement  amplitude  much  smaller  than  the 
length  of  the  stack  and  other  components 

>  a  Reynolds  number  of  the  oscillations  small  enough  to 
avoid  turbulence 

^  Pose  ^  Pavg* 

Extensions  beyond  each  of  these  limitations  have  begun. 

At  the  Naval  Postgraduate  School,  Anthony  Atchley 
and  his  colleagues^^  have  undertaken  high-amplitude  ex¬ 
periments  on  the  simplest  possible  thermoacoustic  device, 
a  short  stack  with  no  heat  exchangers  in  a  loudspeaker- 
driven  resonator.  Their  data  extend  into  the  large-gas- 
displacement  regime,  with  amplitudes  approaching  the 
length  of  the  stack. 

A  growing  body  of  literature  is  establishing  the  charac¬ 
teristics  of  several  regimes  of  turbulent  oscillatory  flow^®  at 
high  Reynolds  numbers,  although  as  yet  there  are  no  fun¬ 
damental  studies  of  heat  transfer  imder  these  conditions. 

A  similitude  study  has  shown^®  how  to  organize  and 
correlate  experimental  data  in  the  high-amplitude  range, 
allowing  meaningful  experimental  studies  of  scale  models 
of  thermoacoustic  devices  reminiscent  of  wind-tunnel  stud¬ 
ies  of  model  aircraft. 

Researchers  at  several  institutions,  including  Johns 
Hopkins  University  and  Los  Alamos  and  Livermore  Na¬ 
tional  Laboratories,  are  beginning  numerical  and  analyti¬ 
cal  studies  that  seek  to  illuminate  other  features  of  high- 
amplitude  thermoacoustics. 
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The  Displex  refrigerator,  long 
regarded  as  the  industry’s  10  Kelvin 
standard,  just  got  colder. 

This  next  generation  of  two-stage 
expanders  Is  capable  of  6.5  K 
operation  with  more  than  three  times 
the  refrigeration  capacity  at  10  K. 

APD  is  now  the  only  company  with  a  complete 
line  of  closed  cycle  4  K,  6.5  K,  10  K  and  35  K 
refrigerators  to  meet  all  your  specific  needs. 

So..  Jo  get  colder,  call  APD  Cryogenics  at  800-525-3072. 
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Figure  5  illustrates  the  amplitude  dependence  of  the 
accuracy  of  our  current  understanding  of  thermoacoustic 
phenomena.  The  data  shown  as  points  were  taken  from 
a  no-load  thermoacoustic  engine.^®  The  plots  can  be  in¬ 
terpreted  as  displaying  the  required  heater  power  and 
temperature  at  the  hot  heat  exchanger  for  mmntaining 
steady  oscillations  at  a  given  pressure  amphtude  p^sc- 
Three  monatomic  gases  were  used,  with  average  pressures 
selected  to  make  the  same  for  all  three  cases,  ensuring 
similarity;  the  data  for  all  three  gases  do  indeed  fall  along 
the  same  curves.  The  hnes  are  the  results  of  calculations 
based  on  Rott’s  theory,  the  dimensions  of  the  apparatus 
and  the  properties  of  the  gases.  The  calculations  agree 
well  with  the  measurements  in  the  limit  of  small  as 
expected  from  the  assumptions  in  the  theory.  However, 
as  Posc/Pavg  approaches  0.1,  the  measurements  deviate 
significantly  from  calculations.  The  deviations  are  not 
surprising,  in  that  they  are  of  the  same  order  as  Pose  ^  Pavgj 
but  they  are  disturbing  from  a  practical  point  of  view 
because  both  Qh  and  deviate  in  directions  that  decrease 
the  efficiency. 

The  fundamentals  of  thermoacoustics  at  low  ampli¬ 
tudes  are  reasonably  well  understood,  and  a  few  practical 
uses  of  thermoacoustics  have  been  tentatively  identified. 
Much  study,  engineering  and  especially  invention  remains 
to  be  done  before  these  simple,  elegant  devices  reach  their 
fuU  potential. 

Most  of  the  fundamental  research  on  thermoacoustics  in  the  US  is 
supported  by  the  Department  of  Energy  and  the  Office  of  Naval 
Research.  Most  of  the  applied  developments  are  supported  pri¬ 
vately  but  with  important  contributions  from  ARPA,  DOE  and  the 
Navy.  I  am  particularly  grateful  to  DOE’s  Office  of  Basic  Energy 
Sciences  for  its  steady  support  of  thermoacoustics  research  at  Los 
Alamos.  This  article  benefited  from  constructive  criticism  by  Hank 
Bass,  Steve  Garrett  and  Tom  Hofler. 
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A  thermoacoustic  Stirling 
heat  engine 
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Los  Alamos,  New  Mexico  S7545,  USA 


Electrical  and  mechanical  power,  together  with  other  forms  of 
useful  work,  are  generated  worldwide  at  a  rate  of  about  10*^  watts, 
mostly  using  heat  engines.  The  efficiency  of  such  engines  is 
limited  by  the  laws  of  thermodynamics  and  by  practical  consid' 
crations  such  as  the  cost  of  building  and  operating  them.  Engines 
with  high  efficiency  help  to  conserve  fossil  fuels  and  other  natural 
resources,  reducing  global-warming  emissions  and  pollutants.  In 
practice,  the  highest  efficiencies  are  obtained  only  in  the  most 
expensive,  sophisticated  engines,  such  as  the  turbines  in  central 
utility  electrical  plants.  Here  we  demonstrate  an  inexpensive 
thermoacoustic  engine  that  employs  the  inherently  efficient  Stir¬ 
ling  cycle\  The  design  is  based  on  a  simple  acoustic  apparatus 
with  no  moving  parts.  Our  first  small  laboratory  prototype, 
constructed  using  inexpensive  hardware  (steel  pipes),  achieves 
an  efficiency  of  0.30,  which  exceeds  the  values  of  0.10-0.25 
attained  in  other  heat  engines*’*  with  no  moving  parts.  Moreover, 
the  efficiency  of  our  prototype  is  comparable  to  that  of  the 
common  internal  combustion  engine^  (0.25-0.40)  and  piston- 
driven  Stirling  engines*’*  (0.20-0.38). 

We  plan  to  acoustically  couple  our  thermoacoustic  Stirling 
engines  to  pulse  tube  refrigerators^  to  provide  efficient  and  main¬ 
tenance-free  combustion-powered  cryogenic  refrigeration  having 
no  moving  parts,  in  order  to  liquefy  natural  gas*.  This  would  enable 
economic  recovery  of  ‘associated  gas’,  a  by-product  of  oil  produc¬ 
tion,  which  is  currently  burned  (‘flared’)  in  vast  quantities  at  remote 
oil  fields  worldwide,  wasting  fossil  fuel  and  contributing  to  global 
warming.  We  expect  our  engine  to  find  many  additional  uses 
throughout  the  global  power-production  environment,  ranging 
from  the  separation  of  air  into  nitrogen  and  oxygen  to  the  genera¬ 
tion  of  electricity. 

Ceperley*  ‘°  made  the  initial  step  towards  this  new  engine,  when 
he  realized  that  gas  in  an  acoustic  travelling  wave  propagating 
through  a  regenerative  heat  exchanger  (regenerator)  undergoes  a 
thermodynamic  cycle  similar  to  the  ideal  Stirling  cycle;  this  is 
because  the  oscillations  of  pressure  (pi)  and  volumetric  velocity 
(Ui)  are  temporally  in  phase  in  a  travelling  wave.  We  use  the 
conventional  anticlockwise  phasor  notation",  so  that  time-depen¬ 
dent  variables  are  expressed  as 

{(0  =  f.  +  Re[{ien  (1) 

with  the  mean  value  real,  and  with  f  i  complex,  to  account  for 
both  the  magnitude  and  phase  of  the  oscillation  at  angular  fre¬ 
quency  oj.  The  net  work  performed  in  the  cycle  manifests  itself  as  an 
increase  in  the  time-averaged  acoustic  power  W  =  Re[pi[7,]/2  of 
the  wave  as  it  passes  through  the  regenerator.  (The  tilde  denotes 
complex  conjugate.)  Although  Ceperley’s  experiments  never 
achieved  power  gain,  he  provided  a  key  insight"  for  constructing 
a  useful  thermoacoustic  Stirling  engine.  If  a  pure  travelling  wave 
^  g  were  used,  the  ratio  of  acoustic  pressure  to  volume  velocity  would  be 
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!  Figure  1  The  thermoacoustic  Stirling  heat  engine,  constructed  from  steel  pipe,  a, 
Scale  drawing  of  the  engine.  The  variable  acoustic  load  consists  of  an  adjustable 
valve  leading  to  a  2.2-I  tank^°.  The  valve  setting  controls  the  acoustic  power 
flowing  into  the  load  Wioaa.  and  hence  Tr,.  Piezoresistive  pressure  sensors  'P’ 
allow  measurement  oF  the  acoustic  power  flowing  past  their  midpoint. 
b,  Details  of  the  torus-shaped  section.  The  regenerator  is  a  stack  of  120-mesh 
stainless-steel  screen  whose  hydraulic  radius  is  ~42  ^m.  This  is  smaller  than  the 
average  thermal  penetration  depth  of  the  helium  (300  jim).  ensuring  the  good 
thermal  contact  between  the  helium  gas  and  the  screen  necessary  for  thermo¬ 
dynamic  reversibility.  The  two  cold  heat  exchangers  are  of  shell-and-tube  con¬ 
struction,  with  the  oscillating  helium  in  the  tubes  and  flowing  cooling  water  in  the 
shell.  The  hot  heat  exchanger  is  electrically  heated  Ni-Cr  ribbon  wound  in  a  zig¬ 
zag  fashion  on  an  alumina  frame.  The  buffer  tube  provides  thermal  insulation 
between  the  hot  heat  exchanger  and  ambient  temperature  while  transmitting  the 
acoustic  power  out  of  the  hot  zone.  Its  internal  surface  is  slightly  tapered  and 
polished  to  reduce  boundary-layer  streaming,  which  would  otherwise  convect 
heat  from  the  hot  heat  exchanger’^  Thermal  insulation  around  the  hot  compo¬ 
nents  is  not  shown.  The  two  tapered  channels  of  the  jet  pump  are  51  mm  long  and 
34  mm  high,  and  their  short,  tapered  dimensions  are  adjustable,  typically  set  in  the 
range  1-2  mm.  The  ioweredges  of  the  channels  are  rounded  with  a  0.8-mm  radius, 
to  reduce  to  nearly  zero  (see  text).  The  taper  increases  the  cross-sectional 
area  at  the  upper  end,  thereby  decreasing  the  velocity  there  and  preventing  the 
upper  end  from  developing  an  equal  and  opposite  (see  text).  The  tempera¬ 
ture  of  the  helium  is  measured  at  locations  labelled  T  using  l.6-mm-diameter 
i  type-K  thermocouples,  c,  Impedance  model  of  the  engine.  The  dashed  lines 
enclose  the  regenerator;  its  volumetric-velocity  source  (TjTf.  -  1  )l/,c  is  due  to  the 
temperature  gradient  in  the  regenerator  and  causes  the  acoustic  power  gain.  The 
resonator  and  variable  acoustic  load  are  modelled  as  a  parallel  combination  of 
/?„s  with  a  reactive  impedance Xres- 


fixed  at*^  pi/t/i  =  PmC/A  where  is  the  mean  gas  density,  c  is  the 
speed  of  sound,  and  A  is  the  cross-sectional  area  of  the  waveguide 
containing  the  wave.  For  realistic  gases,  L7i  would  then  be  large 
enough  to  cause  significant  viscous  losses,  which  would  overwhelm 
any  power  gain.  Hence,  it  is  crucial  to  makep,/[/,  within 

the  regenerator,  while  maintaining  travelling-wave  phasing,  to 
achieve  a  large  acoustic  power  gain  with  a  minimum  of  viscous  loss. 

Scale  drawings  of  our  engine,  which  achieved  such  an  unusual 
condition,  are  shown  in  Fig.  1  a  and  b.  Overall,  it  comprises  a  1/4- 
wavelength  acoustic  resonator  filled  with  helium  at  a  pressure  of 
30  bar.  The  torus-shaped  section  contains  the  heat  exchangers, 
regenerator,  inertance,  I  (due  to  the  inertia  of  the  helium)  and 
compliance,  C  (due  to  the  compressibility  of  the  helium)  necessary 
to  force  the  helium  to  execute  the  Stirling  cycle.  The  inlet  to  the 
torus  is  near  a  pressure  antinode  (velocity  node)  which  helps 
achieve  pj/l/i  Pm<^fA  within  the  regenerator.  Applying  heat  to 
the  hot  heat  exchanger  creates  an  intense  acoustic  wave  at  the 
resonance  frequency,  80  Hz. 

Figure  Ic  shows  a  simplified  acoustic  impedance  diagram  of  the 
engine,  which  captures  the  essential  dynamics  of  the  engine  operation 
but  removes  the  complicated  spatial  dependence  of  the  acoustic  wave. 
Each  acoustic  component  is  analogous  to  a  similar  electrical  compo¬ 
nent,  with  pi  analogous  to  a.c.  voltage  and  Ui  analogous  to  electrical 
current*^  FoDowing  Ceperley^,  the  regenerator  and  adjacent  heat 
exchangers  are  modelled  as  a  resistance  R  and  a  volumetric-velocity 
source  (T^fT^  —  l)t^ic»  where  L7ic  is  the  volumetric  velocity  into  the 
cold  end  of  the  regenerator,  and  Th  and  Tc  are  the  temperatures  of 
the  hot  and  cold  faces  of  the  regenerator,  respectively. 

The  study  of  this  simple  model  provides  basic  insights  into  the 
operation  of  the  engine.  Solving  for  L/jc*  we  find: 


_  u^LC  pi. 

“  R  1  +  iuUR 


(2)  ! 


If  the  impedance  ojL  of  the  feedback  inertance  L  is  small  compared  j 
with  the  resistance  R  of  the  regenerator,  pi^  and  are  nearly  in  1 
phase,  corresponding  to  the  travelling-wave  phasing  necessary  to  | 
drive  the  helium  through  the  Stirling  cycle,  yet  the  ratio  |pu/C/ic|  is  1 
no  longer  determined  by  Pm^A.  Here,  pic  is  the  oscillating  pressure  j 
at  the  cold  end  of  the  regenerator.  In  our  experiments,  the  physical 
dimensions  of  the  inertance,  compliance  and  regenerator  are  chosen 
so  that  |pic/C7icl  30pn,c/A  so  that  viscous  dissipation  in  the  regen¬ 
erator  is  reduced  to  an  acceptable  level.  As  the  simple  model  in  Fig.  Ic 
shows,  the  IRC  acoustic  network  of  Fig.  lb  provides  both  the 
travelling-wave  phasing  necessary  to  produce  the  Stirling  cycle  and 
the  large  value  of  Ipu/C/id  necessary  to  avoid  large  viscous  losses. 

As  this  wave  propagates  through  the  regenerator,  it  is  amplified  by 
the  imposed  temperature  gradient,  resulting  in  where 

and  iVh  ihe  acoustic  powers  flowing  into  the  cold  end  and  out  of 
the  hot  end  of  the  regenerator,  respectively.  To  maintain  the  acoustic 
oscillation,  part  of  VVi,  is  fed  back  through  the  inertance  to  the  cold 
end  of  the  regenerator,  W'ft,.  (Due  to  dissipation  in  the  inertance  and 
compliance,  >  Vyj.  The  remainder  of  the  power,  is 
available  to  maintain  the  wave  throughout  the  resonator  and  per¬ 
form  useful  work. 

In  this  process,  heat  Qh  is  absorbed  from  the  hot  heat  exchanger 
and  Qc  is  rejected  at  the  cold  heat  exchanger.  But,  in  our  initial 
measurements,  the  Qh  needed  to  sustain  the  oscillation  was  far 
greater  than  we  estimated  using  a  detailed  computer  modeF^  of  the 
system.  Also,  the  temperature  profile  in  the  regenerator  was  far  from 
the  estimated  linear  profile.  Both  of  these  effects  maybe  understood 
by  considering  the  second-order,  time-averaged  mass  flux  circulat¬ 
ing  down  through  the  regenerator  and  up  through  the  inertance,  an 
effect  that  was  not  anticipated  by  Ceperley.  Gedeon*^  has  discussed 
how  a  mass  flux  ^2  can  exist  in  Stirling  sy^stems  which  contain  such 
a  closed-loop  path.  Gedeon  argues  that  jCf,  is  given  by: 

M2  =  iRe[Pil/J  +  P.[/2.o  (3) 
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I  Here,  Ui^o  would  be  the  next  term  in  the  expansion  of  equation  (1) 
I  for  volumetric  velocity  and  represents  the  second-order,  time- 
j  averaged  volume  velocity’^  In  acoustic  oscillations,  p,  p^.  There¬ 
fore,  the  first  term  in  equation  (3)  is  non-zero  whenever  acoustic 
j  power  flow  is  non-zero;  for  example,  around  the  Li^CIoop  of  Fig.  Ic. 
This  mass  flux  carries  heat  away  from  the  hot  heat  exchanger  and 
deposits  it  at  the  secondary  cold  heat  exchanger,  creating  an 
unwanted  heat  leak  Qitak  =  M.CpfTh  -  TJ  where  Cp  is  the  constant- 
pressure  heat  capacity  of  the  helium.  can  more  than  double  the 
Qh  needed  to  maintain  the  acoustic  oscillation,  seriously  degrading 
the  engine’s  efficiency.  The  same  M2  also  injects  cold  gas  into  the 
cold  end  of  the  regenerator,  causing  its  axial  temperature  profile  to 
fall  below  the  predicted  linear  profile. 

Equation  (3)  shows  that  M2  can  be  forced  to  zero  if  a  L/2,0  is 
imposed  such  that  p^U 2,0  =  —  Re[p,  L/i]/2.  A  time-averaged  pres¬ 
sure  drop,  Ap2,  imposed  across  the  regenerator  will  drive  such  a  L72.o« 
The  Ap2  required  to  suppress  Mi  is  given  by: 

Ap:=r^Re[p,[;,].  (4) 

Such  a  Ap2  can  be  generated  using  the  asymmetry  of  hydrodynamic 
end  effects*'.  WTien  flow  of  high  Reynolds  number  encounters  an 
abrupt  transition  from  a  channel  of  small  cross-sectional  area  to  one 
of  much  larger  area,  the  transition  is  accompanied  by  jetting  and 
I  turbulence*^  In  this  flow,  Bernoulli’s  equation  does  not  hold,  and  an 
;  additional  pressure  head  loss  given  by  Ap^i  =  (K^Jl)p\^  occurs, 
;  where  v  is  the  velocity  of  the  jet  as  it  leaves.  The  constant  ^  1  is 


depends  on  the  geometrical  details.  If  the  perimeter  of  the  entrance 
to  the  small  channel  is  sufficiently  rounded*’-*®,  can  be  as  small  as 
0.04.  With  Kou,  4^  a  time-averaged  pressure  drop  of 

=  (5) 

develops  across  the  transition.  Here,  is  the  volume  velocity  at 
the  transition  and  a  is  the  area  of  the  small  channel.  The  device 
labelled  ‘jet  pump’  in  Fig.  la  utilizes  these  minor  losses  by  channel¬ 
ling  the  flow  above  the  cold  heat  exchanger  through  two  parallel 
tapered  rectangular  channels  that  open  abruptly  into  the  larger 
space  just  above  the  exchanger.  By  adjusting  the  jet  area  Ap,p  can 
be  set  to  the  pressure  given  in  equation  (4),  thereby  completely 
eliminating  M2  and  the  large,  unwanted  Qi„k- 
Figure  2  demonstrates  the  effectiveness  of  the  jet  pump.  The 
lowest  curve  (‘lowest’  refers  to  the  curves  at  0  =  120°)  in  Fig.  2b 
shows  the  time-dependent  Ap,p(r),  displayed  as  a  function  of  the 
time  phase  of  the  acoustic  cycle,  with  a  at  its  fully  open  value  of 
3  cm^.  When  tirne-averaged,  this  curve  does  not  yield  a  significant 
Ap,p  so  a  large  M2  flows  down  through  the  regenerator  and  buffer 
tube  causing  a  large  Qi„k.  To  maintain  the  oscillation  at 
\P\^Pm\  =  0.036,  nearly  1,500  W  of  Qh  is  necessary,  with  more  than 
half  of  this  Qh  carried  away  by  M2.  Also,  the  temperature  at  the  axial 
midpoint  of  the  regenerator,  Tmid,  is  held  significantly  below 
T*,vg  =  (7'h  +  T^)/2  due  to  the  flux  of  cold  gas  entering  the  cold 
end  of  the  regenerator.  The  middle  curve  in  Fig.  2b  corresponds  to 
=  1,8  cm’  in  Fig.  2a.  The  resulting  A/?,p  generated  by  the  jet  pump 
enforces  M,  =  0.  Qi„k  is  eliminated,  and  the  Qh  needed  to  maintain 
Ipj/pml  =  0.036  is  at  its  minimum  of  630  W.  At  this  operating  point 
demonstrating  a  linear  temperature  profile  through  the 
regenerator.  The  highest  curve  in  Fig.  2b  corresponds  to  =  0.8  cm’ 
in  Fig.  2a.  The  resulting  Ap^p  exceeds  that  required  by  equation  (4), 
so  M.  <  0,  implying  that  the  time-averaged  mass  flux  flows  up 
through  the  buffer  tube  and  regenerator.  Now,  T^jd  is  greater  than 
r,vg  due  to  the  hot  gas  entering  the  hot  end  of  the  regenerator.  These 
data  demonstrate  that  Mi  causes  a  significant  and  unwanted  heat 
load  that  can  be  completely  eliminated  by  Ap,p.  Also,  the  broad 
minimum  in  Qh  in  Fig.  2a  shows  that  the  cancellation  of  Mi  is 
insensitive  to  small  variations  in  a. 


Figure  2  Effectiveness  of  the  jet  pump,  a,  Measurements  of  On  and 
(^m.a  “'F.voVAT"  as  a  function  of  the  jet  area  a.  Here.  Af  =  -  7,.  As  a  is 

varied.  On  is  adjusted  to  maintain  =  0.036.  and  hence  Re[piC/i]  nearly 
constant  within  the  regenerator.  With  a  =  l.8cm^7„,<J  =  indicating  that  M2  is 
completely  suppressed.  With  =  0-  =  0  and  the  heat  input  needed  to 

maintain  the  oscillations.  Or.  is  at  a  minimum,  b.  Measurements  of  ApjJf)  as  a 
function  of  the  time  phase  of  the  acoustic  cycle  The  lowest  curve,  obtained 
with  a  =3.0cm^  has5p,c  =  120  Pa;  the  middle  curve,  obtained  with  a  =  l.8cm^ 
has  ^,p  =  630Pa:  the  highest  curve,  obtained  with  ass0.8cm^  has 
e  1160  Pa.  The  middle  sening  suppresses  M2  0.  as  shown  in  a. 

60 


Figure  3  Thermal  efficiency  of  the  engine  as  a  function  of  7h,gas-  To  make  a  fair 
comparison  with  other  thermoacoustic  engines*,  the  thermal  efficiency 
7}  =  is  reported  in  terms  of  the  power  entering  the  resonator,  instead 

of  the  directly  measured  lV2m,c-  A  detailed  computer  model  (ref.  14;  model  available 
at  <http://rott.esa.lanl, gov/))  duplicating  and  the  magnitude  of  the  measured 

pressures  is  used  to  extrapolate  back  to  the  resonator  junction  to  determine 
At  the  maximum  7r,,g,5.  the  difference  between  Wzmc  and  W,es  is  typically  4%  and 
never  more  than  14%.  During  these  measurements,  the  cooling  water  in  the  main 
cold  heat  exchanger  is  Typically  15 "C.  The  maximum  efficiency  obtained  corre¬ 
sponds  to  42%  of  theoretical  maximum  Carnot  efficiency^ 
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With  M2  suppressed,  the  performance  of  the  engine  is  measured 
as  a  function  of  pic  and  the  temperature  of  the  helium  immediately 
below  the  hot  heat  exchanger,  Th.gas-  Figure  3  shows  the  thermal 
efficiency^,  -q  =  where  Wr«  is  the  acoustic  power  delivered 

to  the  resonator.  The  maximum  thermal  efficiency  of  1;  =  0.30 
occurs  near  Ipj/pnil  =  0-06  at  =  725  °C  with  the  engine  deliv¬ 
ering  710  W  to  the  resonator.  This  corresponds  to  42%  of  the 
theoretical  maximum  Carnot  efficiency^.  At  the  most  powerful 
operating  point,  \pi/p^\  =  0.10, 890  W  is  delivered  to  the  resonator 
with  q  =  0.22. 

Although  this  engine  already  shows  a  large  increase  in  efficiency 
over  previous  heat  engines  without  moving  parts,  we  anticipate 
further  improvements  through  research  on  flow  separation 
losses*^’**  and  regenerator  inefficiency.  We  have  also  built  one 
refrigerator’’  according  to  the  same  principles,  and  we  expect  that 
it  will  give  performance  comparable  to  that  of  commercially 
successful  refrigeration  equipment.  □ 
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POROUS  MEDIA 
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ABSTRACT 

The  physics  of  the  interaction  of  airborne  sound  with  the  surface  of  the  earthl  will  be 
presented.  The  ground  is  an  example  of  a  fluid-filled,  porous  material.  When  sound  in  the 
atmosphere  is  incident  upon  the  ground  surface,  vibrational  energy  is  transferred  to  both  the  fiuid 
and  solid  phases.  This  coupling  has  been  referred  to  as  acoustics-to-seismic  coupling2>3  and  will 
be  discussed  in  the  light  of  the  Biot  model.4  The  relevant  pore  parameters,  air-porosity, 
permeability  and  pore  tortuosity,  can  be  determined  from  acoustic  measurements.  Experimental 
techniques  used  to  study  porous  soils  include  buried  microphones,  geophones  and  laser  Doppler 
vibrometers.  Specific  measurements  of  the  acoustics-to-seismic  coupling  ratio  and  the  physics 
that  can  be  extracted  will  be  presented.  The  principle  components  of  the  Biot  model,  includmg 
Type  I  and  II  phase  velocity  and  attenuation  and  boundary  conditions  at  various  interfaces,  will 
be  described  and  compared  to  measured  data.  Since  air-filled  soils  approximate  the  light-fiuid 
limit  of  the  Biot  theory,  rigid-framed  porous  media  models  can  also  be  used  to  describe  the  fiuid 
phase  physics  and  these  models  will  be  described. 
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ABSTRACT 

Medical  ultrasound  technology  is  experiencing  a  rebirth  as  methods  and  applications 
extend  beyond  current  diagnostic  imaging  to  include  novel  therapeutic  and  surgical  uses.  These 
applications  broadly  include;  Tissue  ablation,  cautery,  lipoplasty,  and  hemostasis  via  targeted 
non-invasive  thermal  deposition;  site-specific  and  ultrasound  mediated  drug  activity,  novel 
imaging  approaches  using  ultrasound  contrast  agents  and  signal  processing,  extra-corporeal 
lithotripsy;  and  enhancement  of  natural  physiological  fimctions  such  as  wound  healing  and  tissue 
regeneration.  This  general  lecture  will  address  some  of  the  basic  scientific  questions  and  fiiture 
challenges  in  the  areas  listed  above.  We  shall  particularly  emphasize  the  use  of  High  Intensity 
Focused  Ultrasound  (HIFU)  in  the  treatment  of  hemorrhagic  trauma  and  related  pathological 
conditions,  especially  in  organs  that  are  difficult  to  treat  using  conventional  medical  and  surgical 
techniques.  Direct  applications  include  combat  casualty  care,  as  well  as  many  civilian  uses  in 
non-invasive  or  minimally  invasive  trauma  management,  bloodless  surgery,  and  ultrasound- 
mediated  drug  therapy.  We  shall  also  explores  imaging  and  simulation  techmques  associated 
with  treatment,  targeting,  and  monitoring  the  effects  of  HIFU  therapy.  Finally,  we  shall  describe 
our  efforts  to  successfully  transition  the  scientific  developments  in  our  laboratory  to  commercial 
products,  and  thus  will  describe  our  attempts  to  start  new  companies  or  work  with  existing  ones 
to  implement  technology  transfer. 
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ABSTRACT 

If  an  intense  acoustic  field  is  applied  to  a  liquid,  the  liquid  can  fail  under  the  tensile,  or 
negative  portion  of  the  sound  field;  weak  sites  within  the  Uquid,  probably  preexisting  gas 
pockets,  caUed  “cavitation  nuclei”,  are  caused  to  rapidly  grow,  thereby  producing  vapor  and  gas- 
fiUed  cavities  (i.e.,  bubbles).  These  bubbles  continue  to  grow  during  the  negative  portion  of  the 
sound  field,  until  the  sound  field  turns  positive.  The  resulting  inertial  implosion  of  the  bubbles 
(now  mostly  filled  with  vapor  and  thus  unable  to  provide  stif&iess)  can  be  extremely  violent, 
ipaHing  to  an  cnormous  concentration  of  energy  within  the  small  residual  volume  of  the 
collapsed  bubble.  Consequently,  the  temperatures  and  pressures  achieved  by  the  compressed 
bubble  contents  can  be  respectively  several  tens  of  thousands  of  degrees  (perhaps  even  higher) 
and  several  kilobars  (perhaps  even  much  higher).  At  the  final  stages  of  bubble  collapse  intense 
shock  waves  are  emitted,  chemical  bonds  are  broken,  and  even  light  is  emitted,  called 
“sonoluminescence.” 

Thus,  cavitation  leads  to  sonoluminescence.  I  should  point  out  however,  that 
sonoluminescence  is  not  restricted  to  bubbles  (cavitation)  in  fluids.  Ultrasonic  vibrations  of 
piezoelectric  crystals  and  semiconductors  can  also  generate  luminescence  of  the  gas  near  the 
crystal  surface.!  Akhough  this  form  of  sonoluminescence  involves  ultrasonic  waves  interacting 
with  a  medium  (the  crystal),  we  will  not  delve  too  deeply  into  this  subject.  Instead,  we  will  focus 
on  sonoluminescence  occurring  fi'om  ultrasonic  irradiation  of  a  liquid.  That  is,  cavitation- 
induced  luminescence. 

Sonoluminescence  was  discovered  nearly  65  years  ago,2.3  and  since  then  a  variety  of 
explanations  have  been  given  for  the  origin  of  the  electromagnetic  emissions.  Electrical 
discharge  theories  of  various  types  were  at  first  quite  popular.  As  early  as  1940,  Frenkel^ 
suggested  that  electrical  charges  known  to  exist  on  the  surfaces  of  bubbles  (see  for  example.  Ref. 
5)  were  somehow  made  to  discharge.  This  model,  though  seriously  challenged  by  recent 
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experiments^.^  and  theories, *.9  even  has  its  modem  advocates.  Other,  more  exotic  theones  have 

surfaced  in  order  to  explain  the  experimental  findings. 

For  most  of  the  past  65  years,  most  sonoluminescence  studies  were  carried  out  by 
generating  large  fields  of  cavitation  bubbles  with  high-intensity  ultrasonic  generators.  Because 
the  number  of  bubbles  was  large,  and  the  size  distribution  of  the  bubbles  was  not  known,  it  was, 
and  still  is,  difficult  to  study  these  systems.  Only  statistically  averaged  information  can  be 
obtained  fi-om  these  systems,  and  thus,  interpreting  experimental  data  can  be  difficult. 

In  1990,  Felipe  Gaitan  (then,  a  graduate  student)  discovered  a  form  of  sonoluminescence, 
which  we  now  call  Single-Bubble  sonoluminescence  (SBSL),  whereby  a  single  bubble  levitated 
in  a  container  of  fluid  can  be  forced  to  emit  Ught.  This  fortuitous  discovery  has  led  to  a 
remarkable  explosion  of  experiments  and  theoretical  models.  The  explosion  of  new  data  is 
directly  due  to  our  ability  to  make  measurements  of  this  single,  isolated  bubble. 

The  idea  is  to  trap  (levitate)  a  single  bubble  using  a  standing  acoustic  wave  field  in  a  liquid. 
Under  moderately  applied  drive  pressure  amplitudes  (near  1  bar)  the  bubble  undergoes  highly 
nonlinear  volume  mode  pulsations.  Figure  1  illustrates  the  nonlinear  radial  response  of  a 
sonoluminescence  bubble  to  an  applied  sound  field,  obtained  with  our  light-scattering  system, 
and  modeled  with  one  of  our  con^uter  codes  of  bubble  dynamics.  When  the  pressure  within  the 
bubble  falls  below  the  vapor  pressure  of  the  liquid,  the  bubble  begins  to  grow  while  the  bubble 
fills  with  vapor.  When  the  pressure  turns  positive,  the  vapor  condenses  and  the  bubble 
accelerates  rapidly  inward.  This  collapse  phase  was  first  studied  by  Lord  Rayleigh  and  found  to 
be  extremely  violent.  Consider  that  even  for  the  modest  applied  pressure  amplitude  illustrated  in 
Fig.  1  (we  used  0.14  MPa),  the  temperature  (assuming  adiabatic  compression)  within  the  bubble 
can  exceed  7,000  K.  More  precise  calculations  suggest  that  temperatures  on  the  order  of  tens  of 
thousands  of  degrees  can  be  achieved. 
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Fig.  1.  The  nonlinear,  radial  response  of  a  bubble  subject  to  an  oscillating  acoustic  pressure  field  of  0.14  MPa.  The 
heavy  line  is  the  calculated  bubble  radius,  the  dashed  line  is  the  normalized  acoustic  drive  pressure,  and  the  solid 
points  are  the  experimentally  measured  bubble  radius  (in  the  physical  optics  limit),  pie  arrow  indicates  where  the 
light  flash  occurs. 


The  dynamics  of  the  bubble  can  be  modeled  using  a  form  of  the  Rayleigh-Plesset  equation. 
This  equation  describes  how  a  (presumed  spherical)  bubble  oscillates  when  subjected  to  a  time- 
varying  pressure  field.  Although  the  bubble's  motion  can  be  described  by  this  equation,  the 
equation  does  not  show  us  how  light  can  be  emitted.  We  must  therefore  couple  some  emission 
mechanism  model  to  the  bubble's  dynamical  motion.  The  form  of  the  mechanism  model  is 
dependent  on  the  experimental  findings.  That  is,  the  model  must  agree  with  experimental  data. 

To  guide  us  in  developing  a  model  for  sonoluminescence,  we  have  available  several  key 
experimental  findings:  First,  the  duration  of  the  sonoluminescence  flash  is  much  less  than  1  nsec, 
in  some  cases,  less  than  50  psec!  This  implies  that  the  physics  must  occur  on  very  rapid  time 
scales.  Second,  the  spectra  observed  in  many  systems  are  void  of  line  or  band  emissions, 
indicating  that  either  temperatures  are  too  hot  for  simple  line  and  band  emission  mechanisms 
involving  radiative  recombination,  or  there  exists  some  exotic  physics  that  governs  the  emission 
mechanism.  Third,  the  light  emission  depends  greatly  on  the  type  of  gas  dissolved  in  the  liquid. 
Any  emission  mechanism  must  show  a  dependence  on  the  gas. 

This  talk  will  cover  the  experimental  techniques  used  to  observe  sonoluminescence 
behavior,  and  theoretical  formulations  that  have  been  developed  to  e^qplain  sonoluminescence. 
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Abstract 

As  the  intensity  of  a  standing  sound  wave  is  increased  the  pulsations  of  a  bubble  of  gas  trapped  at  a  velocity 
node  attain  sufficient  amplitude  so  as  to  emit  picosecond  flashes  of  light  with  a  broadband  spectrum  that 
increases  into  the  ultraviolet.  The  acoustic  resonator  can  be  tuned  so  that  the  flashes  of  light  occur  with  a 
clocklike  regularity:  one  flash  for  each  cycle  of  sound  with  a  jitter  in  the  lime  between  flashes  that  is  also 
measured  in  picoseconds.  This  phenomenon  (sonoluminescence  or  “SL”)  is  remarkable  because  it  is  the  only 
means  of  generating  picosecond  flashes  of  light  that  docs  not  use  a  laser  and  the  input  acoustic  energy  density 
must  be  concentrated  by  twelve  orders  of  magnitude  in  order  to  produce  light.  Light  scattering  measurements 
indicate  that  the  bubble  wall  is  collapsing  at  more  than  4  times  the  ambient  speed  of  sound  in  the  gas  just  prior 
to  the  light  emitting  moment  when  the  gas  has  been  compressed  to  a  density  determined  by  its  van  der  Waals 
hard  Core.  Experiments  indicate  that  the  collapse  is  remarkably  spherical,,  water  is  the  best  fluid  for  SL,  some 
noble  gas  is  essential  for  stable  SL,  and  that  the  light  intensity  increases  as  the  ambient  temperature  is  lowered.* 
In  the  extremely  stable  experimental  configuration  consisting  of  an  air  bubble  in  water,  measurements  indicate 
that  the  bubble  chooses  an  ambient  radius  that  is  not  explained  by  mass  diffusion.  Experiments  have  not  yet 
been  able  to  map  out  the  complete  spectrum  because  above  6  cV  it  is  obscured  by  the  cutoff  imposed  by  water, 
and  furthermore  experiments  have  only  determined  an  upper  bound  on  the  flash  widths.  In  addition  to  the  above 
puzzles,  the  theory  for  the  light  cmitiing  mechanism  is  still  open.  The  scenario  of  a  supersonic  bubble  collapse 
launching  an  imploding  shock  wave  which  ionizes  the  bubble  contents  so  as  to  cause  it  to  emit  Bremsstrahlung 
radiation  is  the  best  candidate  theory  but  it  has  not  been  shown  how  to  extract  from  it  the  richness  of  this 
phenomenon.  Most  exciting  is  the  issue  of  whether  SL  is  a  classical  effect  or  whether  Planck’s  constant  should 
be  invoked  to  explain  how  energy  which  enters  a  medium  at  the  macroscopic  scale  holds  together  and  focuses 
so  as  to  be  emitted  at  the  microscopic  scale. 

PACS:  78.60.Mq;  43.35.< 

Keywords:  Sonoluminescence;  Bubble  dynamics;  Bremsstrahlung 
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1.  Why  is  sonoluminescence  interesting? 

The  equations  of  fluid  mechanics  (Landau  and  Lifshiiz,  1987)  describe  an  extraordinarily  wide 
range  of  phenomena.  These  include  the  behavior  of  sound  waves  and  surface  waves,  the  formation 
of  shock  fronts,  the  localization  of  energy  in  solitons  (Dodd  et  al.,  1982;  Wu  et  al.,  1984),  the 
randomization  of  energy  in  the  transition  to  turbulence,  and  pattern  formation,  such  as  observed  in 
convection  cells  (Cross  and  Hohenberg,  1993).  Among  fluid  phenomena  sonoluminescence  (SL),  the 
transduction  of  sound  into  light  is  unique  in  that  the  energy  enters  the  fluid  at  low  energy  and  long 
wavelengths,  where  the  equations  of  fluid  mechanics  apply,  but  the  resulting  fluid  mechanical  motion 
sets  up  a  transformation  of  the  sound  energy  into  degrees  of  freedom,  visible  photons,  which  are  not 
describable  by  the  original  equations  of  fluid  mechmics.  In  sonoluminescence.  the  sound  energy  is 
concentrated  by  twelve  orders  of  magnitude  and  emitted  as  a  flash  of  light. 

Fig.  1  displays  the  extraordinary  range  of  length  and  time  scales  characterizing  SL.  Trace  b  is  the 
sound  field  near  the  center  of  a  flask  containing  partially  degassed  water,  driven  (sinusoidally)  at  its 
acoustic  resonance  (which  is  here  about  26  kHz).  The  acoustic  radiation  pressure  (King,  1934)  of  the 
sound  field  traps  a  gas  bubble  at  the  pressure  antinode  in  the  center  of  the  flask  where  it  pulsates  in 
response  to  the  pressure  swings  of  the  drive.  These  pulsations  are  displayed  in  trace  a  ,  which  shows 


ig  I.  Relative  liming  of  sonoluminescence  (c)  from  the  stressed  interior  of  a  coUapsing  air  bubble  whose  radius  squa^ 
proportional  to  the  magnitude  of  the  intensity  of  scattered  User  Ught  (a).  TTie  high  p^su^  reach^ 
iunch  an  outgoing  spike  recorded  by  a  microphone  that  measures  the  driving  sound  field  (b)  inside  the  acoustic  resonamt 
he  scale  for  SL  L  been  offset  and  the  phase  of  the  26  kHz  sound  wave  has  been  shifted  by  3  /*s  to  correct  for 
eUy  introduced  by  the  AC^oupled  preampUfier.  The  needle  microphone  is  located  a^ut  one  mm  from  the  ^bble.  w 
lis  accounts  for  the  I  us  deUy  between  the  flash  of  light  and  the  spike.  The  flash  of  SL  is  less  than  50  ps  lo  g, 

maximum  radius  of  the  bubble  is  about  45  ^  and  the  amplitude  of 
about  1.2  atm.  Ihis  process  repeats  with  each  cycle  of  sound.  For  an  air  bubble  in  water  each  flash  of  SL  yields  abo 


2  X  10*  photons. 
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Fig.  2.  Spectrum  of  light  emitted  by  a  sonoluminescing  bubble  of  ^He  gas,  which  is  formed  from  water  with. helium  gas 
dissolved  at  a  partial  pressure  of  150  mm.  The  high-energy  cutoff  at  6  cV  (200  nm)  is  due  to  the  transmission  cutoff 
imposed  by  water.  How  far  the  energy  focusing  extends  beyond  6  eV  is  a  major  unknown.  The  measured  spectrum  has 
been  corrected  for  the  attenuation  of  light  by  the  flask  and  the  water,  and  for  the  quantum  efficiency  of  the  photodetector 
and  spectrometer.  The  resolution  is  10  nm  FWHM. 

the  amount  of  light  scattered  out  of  a  laser  beam  trained  on  the  bubble  (Barber  and  Putterman,  1992). 
The  larger  the  negative  signal,  the  larger  is  the  bubble  radius.  The  expansion  of  the  bubble  from  its 
ambient  radius  4.5  /xm)  occurs  on  hydrodynamic  time  scales  during  the  rarefaction  half-cycle  of 
(he  pressure  swing.  It  brings  the  bubble  to  its  maximum  radius  of  about  45  /im.  The  ensuing  collapse 
accelerates  the  bubble  wall  to  supersonic  velocities  and  compresses  the  bubble’s  interior  (Barber 
Cl  al.,  1994).  By  mechanisms  yet  unknown,  the  high  stresses  and  high  energy  densities  inside  the 
bubble  generated  by  this  collapse  result  in  the  emission  of  a  flash  of  light  (in  trace  “c”).  The  high 
pressures  built  up  inside  the  bubble  during  the  collapse  launch  an  outgoing  acoustic  pulse  (Barber 
cl  al.,  1997),  which  is  the  spike  riding  the  sound  field  in  trace  “b”.  Plotted  on  this  hydrodynamic 
timescale,  the  flash  of  light  and  the  acoustic  spike  are  deltafunctions  and  the  collapsing  radius  is  a 
theta  function.  To  the  best  of  our  resolution,  which  has  only  established  upper  bounds,  the  light  flash 
IS  less  than  50  ps  in  duration  and  it  occurs  within  0.5  ns  of  the  minimum  bubble  radius  (Barber  et 
a!..  1992.  1997).  The  SL  flashwidth  is  thus  100  times  shorter  than  the  shortest  (visible)  lifetime  of 
an  excited  state  of  a  hydrogen  atom.  Each  flash  is  roughly  spherically  symmetric  and  contains  about 
one  million  photons  (Bar^r  and  Putterman,  1991).  The  outgoing  acoustic  spike  is  less  than  20  ns 
wide  and  the  collapse  velocity  is  over  1.4  km/s  (or  four  times  the  ambient  speed  of  sound  in  the  gas, 
Co  =  3.3  X  10^  cm/s)  (Barber  et  al.,  1997).  This  violent  bubble  motion  and  resultant  light  emission 
repeat  in  clocklike  synchronicity  with  the  sound  field;  each  acoustic  cycle  yields  one  flash  of  light, 
and  the  jitter  in  time  between  consecutive  flashes  can  be  made  less  than  50  ps  (Barber  et  al.,  1992). 
The  unaided  eye  can  easily  see  the  sonoluminescing  bubble  as  a  steady  starlike  light. 

Fig.  2  shows  the  spectrum  (Hiller  et  al.,  1992)  of  the  light  emitted  by  a  helium  bubble  in  water 
at  0®C  with  helium  dissolved  in  it  at  a  partial  pressure  of  150  Torr.  The  broadband,  featureless 
spectrum  extends  into  the  ultraviolet;  higher-frequency  electromagnetic  radiation  caimot  propagate 
ihrough  water.  The  extent  of  the  cnei^gy  focusing  achieved  in  SL  is  estimated  by  comparing  the 
average  acoustic  energy  delivered  to  an  atom  of  the  fluid  by  the  sound  field,  (pv^)  •  (volume/atom)  « 
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4  X  10"'^  eV/atom,  where  p  is  the  density  of  water  and  v  is  the  velocity  amplitude  in  response 
to  the  sound  wave,  to  the  most  enei;getic  of  the  observed  photons,  which  have  an  energy  of  6  eV. 
Assuming  that  the  light  emission  stems  from  a  region  of  atomic  dimensions,  one  is  led  to  interpret  SL 
as  a  process  where  the  energy  concentration  spans  twelve  orders  of  magnitude  (Barber  et  al.,  1991). 
(Here  we  used  a  pressure  amplitude  of  one  atm,  so  that  the  rms  Mach  number,  M  —  v/c  —  10“*, 
where  the  velocity  of  sound  in  water  is  c  =  1.482  x  10*  cm/s  at  20°C  and  1.403  x  10*  cm/ s  at  O'C.) 
Noting  that  I  eV  =  1 1  600  K  and  that  spectral  lines  have  yet  to  be  observed  we  conclude  that  the 
region  from  which  the  broadband  6  eV  radiation  is  originating  is  very  hot  and  very  stressed. 

In  order  to  study  the  properties  of  an  audible  sound  field  we  have  had  to  use  photodetectors 
which  are  faster  than  those  used  in  elementary-particle  experiments.  Not  only  is  this  mixing  of 
macroscopic  and  microscopic  regimes  interesting  physics,‘but  an  understanding  of  SL  might  reveal  a 
useful  paradigm  for  energy-concentrating  phenomena,  and  since  the  wavelength  of  the  outgoing  light 
is  larger  than  the  light-emitting  region  inside  the  collapsed  bubble  (of  radius  ~  0.5  /xm)  some  type 
of  photon  correlation  ntight  be  present  in  SL.  Our  attempts  to  characterize  this  phenomenon  have 
led  us  to  pose  the  following  questions  and  experimental  challenges  which  we  will  discuss,  but  not 
resolve,  in  this  review. 

-  Why  is  SL  so  sensitive  to  the  temperature  of  the  fluid,  the  light  intensity  increasing  a  hundredfold 
when  the  temperature  is  decreased  from  40°C  to  0®C? 

-  Why  is  water  the  friendliest  fluid  for  SL? 

-  Why  are  noble  gases  so  essential  for  producing  stable,  bright  bubbles?  Why  do  pure  diatomic  gas 
bubbles  jitter  and  give  such  dim  light? 

-  What  determines  the  radius  of  the  SL  bubble? 

-  What  determines  the  upper  and  lower  sound  pressure  thresholds  between  which  one  can  observe 
SL? 

-  How  can  one  measure  a  time-resolved  spectrum  of  the  light  emission? 

-  Can  one  measure  the  spectrum  of  SL  beyond  the  ultraviolet  cutoff  of  water? 

-  What  is  the  limit  of  the  energy  focusing  that  can  be  achieved  with  SL? 

-  What  is  the  light-emitting  mechanism? 


2.  How  does  one  produce  a  sonoluminescing  bubble? 

An  overview  of  the  basic  SL  apparatus  is  shown  in  Fig.  3  (Gaitan,  1990;  Hiller  and  Barber. 
1995).  An  oscillating  voltage  across  a  piezoelectric  ceramic  (PZT)  causes  it  to  vibrate  and  acts  as 
a  transducer  to  drive  the  water-filled  flask  at  an  acoustic  resonance.  The  lowest  breathing  mode  m  a 
spherical  resonator  is  described  hy  <p  =  jo(^r),  where  (p  is  the  velocity  potential  such  that  v  —  <P 
and  Jo  is  the  spherical  Bessel  function.  The  wavenumber  k  is  chosen  to  satisfy  the  pressure-release 
boundary  condition  presented  by  the  air-glass  interface,  viz.  <p{Rj)  -  0,  where  Rf  is  the  radius  of  the 
flask.  This  solution  is  perturbed  slightly  by  the  differences  in  acoustic  impedance  between  the  flui 
and  the  glass.  In  this  geometry,  a  gas  bubble  in  the  water  will  be  forced  to  the  pressure  antinr^e  an  e 
center  of  the'flask  by  the  acoustic  radiation  pressure  of  a  sufficiently  intense  sound  field  (^.  ***^^ 
al..  1995).  The  second  spherically  symmetric  resonance  of  the  flask  creates  a  spherical  velocity-nod 
shell  which  can  trap  many  bubbles  at  once.  This  shell  is  located  at  about  0.7/?/  and  appears  w  en 
kRf  =  2ir.  The  corresponding  resonance  frequency  <Db  «s  determined  by  (Djk  -  c. 
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Fig.  3.  Basic  apparatus  for  generating  and  modelocking  sonoluminescence.  The  amplified  output  of  a  sine-wave  generator 
drives  a  water-filled  flask  at  resonance  so  that  a  trapped  bubble  of  gas  pulsates  at  sufficient  amplitude  to  generate  light  The 
modelocking  circuit  tracks  the  resonance. 


At  the  lowest  acoustic  drive  level  at  which  a  bubble  is  trapped,  the  bubble  will  slowly  dissolve 
away.  At  higher  drive  levels,  the  trapped  bubble  is  stable  against  dissolution  but  emits  no  light 
Still  higher  drive  levels  are  the  parameter  space  for  stable  SL:  the  bubble  suddenly  shrinks  in  size 
and  emits  light.  Increasing  the  drive  level  leads  to  more  intense  light  emission.  Eventually  an  upper 
drive  threshold  is  reached,  at  which  pressure  the  sonoluminescing  bubble  will  abruptly  disappear 
(Gaitan,  1990;  Barber  and  Putierman,  1991).  Sometimes,  the  abrupt  upper  threshold  is  replac^  by 
the  tendency  for  the  bubble  to  wander  away  from  the  center  of  the  flask  with  increasing  drive  levels; 
whether  this  is  a  property  of  the  specific  resonator  design  is  unknown. 

The  resonant  frequency  of  the  flask  is  determined  by  searching  for  peaks  in  the  amplitude  of  the 
sound  field  in  the  flask  by  means  of  a  microphone,  or  by  tracking  the  phase  difference  between 
voltage  and  current  of  the  PZT  (Barber,  1992).  Various  spurious  resonances,  such  as  flexing  modes 
of  the  glass  flask  do  not  trap  a  bubble.  Variations  in  the  ambient  temperature  of  a  few  degrees 
Celsius  correspond  to  shifts  in  the  resonant  frequency  by  200  Hz  which  is  larger  than  the  width  of 
the  resonance  of  a  typical  flask.  The  drive  frequency  may  be  continuously  adjusted  to  accommodate 
such  changes  in  the  resonance  by  using  a  mode-locking  scheme,  as  shown  in  Fig.  3  (Hiller,  1995). 
Underlying  the  operation  of  such  a  method  is  the  fact  that  the  phase  of  the  response  of  an  oscillator 
relative  to  a  sinusoidal  drive  shifts  by  tt  as  the  frequency  is  tuned  through  resonance.  At  low 
frequencies  of  drive  the  response  is  dominated  by  the  spring  constant  so  that  it  is  “in”  phase,  whereas 
at  high  frequency  the  response  is  dominated  by  inertia  and  is  therefore  “out”  of  phase  with  the  drive. 
The  phase  shift  occurs  over  a  frequency  range  determined  by  the  damping  coefficient  of  the  oscillator. 
To  maintain  SL  as  the  drive  frequency  drifts  off  resonance,  the  phase  difference  between  the  output  of 
the  signal  generator,  which  drives  the  PZT,  and  the  standing  wave  in  the  resonator,  as  measured  by  a 
PVDF  microphone,  is  determined  by  means  of  a  lock-in  amplifier.  This  phase  difference  is  integrated 
and  used  as  the  voltage-controlled  oscillator  input  to  the  signal  generator.  The  quality  factor  of  a 
typical  SL  apparatus  is  between  300  and  1500  (Barber  and  Putterman,  1991).  Typical  voltages  across 
the  PZT  required  to  drive  the  acoustic  resonance  and  sustain  a  .sonoluminescing  ^bble  are  50  to  150 
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Fig.  4.  Cylindrical  resonator  for  obtaining  sonoluminescence  from  a  sealed  system.  This  is  important  for  controlling  the 
composition  and  the  partial  pressure  of  the  gas  content  in  the  resonator.  The  NiCr  (toaster)  wire  is  used  to  seed  a  bubble 
by  boiling  the  liquid  locally.  The  vaporous  cavity  fills  with  whatever  gas  is  dissolved  in  the  liquid  and  is  at  the  same  time 
yanJced  to  the  velocity  node  of  the  sound  field  where  it  emits  light  at  a  sufficiently  high  acoustic  drive. 

V  (which  can  be  generated  easily,  but  expensively,  with  high  voltage  linear  amplifiers).  Alternatively, 
impedance-matching  the  capacitance-dominated  PZT  with  inductors  allows  the  SL  cell  to  be  driven 
with  less  than  10  V  (Barber,  1992). 

A  spherical  flask  such  as  the  one  in  Fig.  3  can  be  seeded  with  bubbles  by  simply  poking  the  open 
surface.  However,  the  quality  of  the  resonance  is  very  sensitive  to  the  level  of  fluid  in  the  neck. 
Achieving  some  degree  of  experimental  reproducibility  requires  a  sealed  system,  which  allows  the 
liquid  and  the  gas  contents  to  be  controll^  accurately.  Such  a  system  is  shown  in  Fig.  4,  where 
a  scaled  cylindrical  resonator  is  driven  by  piezoelectrics  mounted  on  the  steel  endcaps  (Hiller  ct 
al.,  1994).  In  this  apparatus  the  free  surface  is  eliminated  by  filling  the  system  entirely;  changes 
in  density  arc  accommodated  by  a  variable  volume  which  is  provided  by  a  polyethylene  bag.  The 
bubble  is  seeded  by  passing  a  brief  current  through  a  loop  of  NiCr  wire,  which  boils  the  surrounding 
fluid,  leaving  vaporous  bubbles,  into  which  flows  the  gas  dissolved  in  the  fluid.  These  gas  bubbles 
are  then  carried  to  the  pressure  antinode  by  acoustic  radiation  pressure,  where  they  coalesce  into  a 
single  bubble.  The  ambient  fluid  temperature  is  measured  by  means  of  thermocouple  gauges. 

The  fill  lines  of  the  resonator  are  connected  to  the  gas  manifold  shown  in  Fig.  5  (Battino  ct 
al.,  1972;  Hiller,  1995).  The  designated  fluid  is  degassed  to  tens  of  millitorr  of  partial  pressure  of 
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pump  resonator 


Rg.  5.  Gas  manifold  apparatus  used  for  the  purpose  of  degassing  water  or  another  Uquid  and  then  preparing  it  with  a 
desired  partial  pressure  of  a  particular  gas  mixture. 


gas  (plus  the  vapor  pressure)  by  means  of  a  mechanical  pump.  A  magnetic  stirrer  accelerates  the 
degassing  by  creating  turbulent  voids  which  increase  the  area  of  the  fluid/gas  interface.  The  chosen 
gas  mixture  is  prepared  in  a  large  reservoir,  and  admitted  to  the  degassed  fluid  through  the  gas  fill  line 
at  the  chosen  pressure.  Stirring  the  fluid  accelerates  the  establishment  of  equilibrium  between  the  gas 
dissolved  in  the  fluid  and  the  gas  pressure  above  it.  Although  equilibrium  appears  to  be  established 
in  less  than  5  min  we  stir  for  about  20  min.  The  fluid  finally  pumped  into  the  SL  resonator  has  a 
partial  pressure  of  gas  dissolved  in  it  which  is  accurate  to  about  1/2  Totr. 

The  modal  stmcture  which  can  trap  bubbles  in  the  cylindrical  cell  in  Fig.  4  are  approximated  by 
die  pressure  amplitudes 


Pa  =  P^Joik^r)  co%{2qirz/H)  cos(<ii«r) 
where  H  is  the  height  of  the  cylinder  and 


ind  the  surface  of  the  cylinder  is  taken  as  a  pressure  node,  so  that  Mk^R/)  -  0,  and  the  z  dependence 
las  been  chosen  so  that  z  =  0,  +H/2,  and  -H/2,  are  all  velocity  nodes.  This  fixes  q  to  be  an  integer. 
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as  can  be  seen  from  the  velocity  potential,  <p,  which  is  related  to  the  pressure  by 
Pa  =  -pd(pldt. 


3.  How  does  one  measure  the  bubble  motion? 

Underlying  SL  is  a  small  bubble  whose  pulsations  absorb  the  long-wavelength  sound  energy  during 
half  of  the  sound  cycle  and  then  quickly  concentrate  it  so  as  to  emit  a  flash  of  light.  The  dynamics 
of  this  bubble,  in  particular  its  radius  as  a  function  of  time,  /?(»),  constitute  ^  essenti^  pa^eter 
in  characterizing  SL.  The  experimental  impediments  to  overcome  in  measunng  the  radius  include 
the  wide  range  of  timescales  of  the  bubble  motion  (~  10  /rs  for  the  absorption  of  energy  to  sub¬ 
nanosecond  for  the  collapse)  and  the  fact  that  the  bubble’s  radius  ranges  from  50  pm  at  its  rn^irram. 
to  1/2  urn,  the  wavelength  of  visible  light,  at  its  minimum  (Barber  and  Putterm^.  19^)  The 
features  of  SL  which  come  to  the  experimentalist’s  aid  in  determining  /?(f)  include  the  flash  of  light 
which  accompanies  each  cycle  of  the  sound  field.  The  flash  can  be  used  to  set  the  zero  of  time  for  the 
purpose  of  averaging  several  acquisitions  and  reducing  the  noise  level.  As  mention^  above,  the  light 
flash  comes  at  the  same  point  in  every  cycle  and  these  cycles  repeat  with  a  clocklike  synchronicity 

(Barber  et  al.,  1992).  .  •  or. \  f  a 

Mie  scattering  has  proven  to  be  a  valuable  and  versatile  technique  for  measunng  R{t)  (van  de 

Hulst  1957;  Dave,  1969;  Kerker,  1969;  Marston  1979,  1991;  Wscombe,  1980;  Hansen,  1985;  G^tan, 
1990;  Barber  and  Putterman,  1992;  Holt  and  Cram,  1992).  In  this  ^proach  laser  light  with  a  beam 
width  larger  than  the  bubble’s  radius  is  trained  on  the  bubble.  In  the  classical,  or  ray  optics  limit, 
the  light  scattered  within  a  given  angle  is  simply  proportional  to  R^U)-  Since  the  voltage  on  the 
photodetector  is  proportional  to  the  intensity  of  the  scattered  light,  the  squ^  root  of  this  signal  is 
proportional  to  R.  This  scattered  light  is  also  proportional  to  the  difference  in  the  dielectric  consul 
at  the  gas-fluid  interface  presented  by  the  surface  of  the  bubble.  Surprisingly,  as  the  size  of  the  bubb  e 
is  increased,  the  ray  optics  limit  is  approached  only  very  slowly.  As  shown  in  Fig.  6,  for  a  bubble 
of  radius  20  urn,  the  light  scattered  within  a  specific  angle  displays  many  diffraction  peaks  which 
can  be  seen  straddling  the  classical  limit  (solid  line).  The  signal  is  clearly  very  sensitive  to  mgu  ar 
alignment.  Experimentally  we  converge  on  the  classical  limit  by  collecting  the  scattered  light  from  a 
range  of  angles,  typically  25’  around  60’  from  the  forward  direction,  which  averages  out  the  fringes, 

as  shown  in  Fig.  6.  ,  •  l.  r  u-  m. 

A  Mie  scattering  apparatus  is  shown  in  Fig.  7  (Barber  and  Putterman,  1992).  Light  from  a  H®-N 

or  He-Cd  laser  irradiates  the  bubble.  A  filter  which  blocks  the  wavelength  of  the  laser  light  « 
between  the  bubble  and  a  photodetector,  which  is  therefore  sensitive  only  to  the  flash  of  SL.  Hus 
serves  as  the  trigger  for  the  zero  of  time  and  enables  us  to  average  about  500  runs  to  obtain  a  fmal 
plot.  The  light  scattered  by  the  bubble  in  a  large  angle  is  collected  by  a  lens  and  passes  through  a 
laser  line  pass  filter  (which  blocks  the  broadband  SL  flash)  onto  a  photodetector  whose  sign^  (  ) 
is  proportional  to  R^it)  plus  the  background  level  ^(»).  The  signal  and  the  noise  level  are  shown  in 
Fie  8  The  noise  level  is  measured  by  shining  the  laser  light  through  the  flask  in  the  absence  o  a 
bubble.  We  presume  that  the  noise  is  due  to  stray  light  and  scattering  from  impurities.  The  radius  is 
obtained  by  evaluating  y|V(r)  -  Ufuj  which  is  proportional  to  the  radius,  as  plotted  in  Fig.  9  for 
one  cycle  of  the  sound  field. 
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ANGLE  (DEGREES) 

Rg.  6.  Intensity  of  light  as  a  function  of  angle  of  scattering.  The  exact  Mie  theory  curve)  and  the  WKB  or  ray 

optics  limit  (smooth  curve)  for  a  20  ^m  air  bubble  in  water  iUuminated  by  a  He-Ne  laser  are  compared.  The  intensity  is 
normalized  such  that  geometric  reflection  from  a  mirrorlike  sphere  gives  an  intensity  of  L 


Fig.  7.  Apparatus  for  Mie  scattering  measurements  of  a  sonoluminescing  bubble.  By  collecting  light  from  a  large  solid  angle 
the  detected  intensity  becomes  proportional  to  the  square  of  the  radius  of  the  bubble.  The  flash  of  SL  provides  a  trigger 
which  sets  the  zero  for  time  and  which  can  be  used  in  conjunction  with  a  pulse  delay  generator  to  pick  out  various  portions 
of  the  cycle. 


Apparent  in  Fig.  9  are  four  different  timescales  of  the  bubble  motion:  is  the  slow  expansion  of 
the  bubble  in  response  to  the  rarefaction  of  the  indicated  sound  field  (*^15  tg  is  the  turnaround 
time  at  the  maximum  bubble  radius,  which  is  due  to  inertia  of  the  bubble  5  /ts),  tc  is 
the  runaway  collapse  of  the  bubble  wall,  which  leads  ultimately  to  the  flash  of  light  (the  time  for 
the  bubble  to  collapse  from  to  /?c,  the  minimum  radius  is  on  the  order  of  1/2  /zs),  and  to  is 
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Timt  0i») 

Rg  8  Signal  V(i)  and  noise  level  HD  for  Ught  scatteied  by  a  sonoluminescing  bubble 

Tound  field  Tbe  inset  blows  up  the  difference  between  signal  and  noise.  These  data  show  more  deu.l  than  Fig. 

it  is  the  average  of  512  as  compared  to  32  sweeps. 

the  order  1  us  period  of  the  breathing  resonance  oscillations  of  the  bubble  ^ound  its  ambient  size, 
^(F)  which  is  Ae  size  of  the  bubble  when  it  is  in  static  mechanical- equihbnum 
F  on  the  inside  For  F  =  Fo  (which  is  usually  1  atm)  we  will  simply  write  Fo  =  Fo(Fo).  The  total 
V  wm  bTto  .0  the  eetentelly  intpoted  sut.ie  ptessure  P.  plut  the  eeoust.c  pretture.  It  ntnts 

out  that  in  the  region  of  the  afierbounces  P/Po  is  about  2.  i 

A  fifth  timeseJe  which  cannot  be  obtained  from  this  graph  governs  the  approach  to  the  minimum 
radtuf ^heTmelo  go  from  F„  to  F.).  Hie  region  of  interest  can  be  expanded  an  acousu. 

optic  modulator  to  select  the  appropriate  portion  of  the  cycle  (Barber  and  ^ 

deflecting  the  laser  beam  from  the  bubble  during  the  portion  of  the  cycle  when  The  bubble  is  n^ 
SrSum  radius  (i.e..  when  it  scatters  the  most  light),  one  can 
nf  a  hitrher  pain  without  exceeding  its  anode  current  limit.  The  blowups.  Fig.  10,  are 
ambient  radius  Ro(P)  which  is  the  radius  approached  as  the  oscillations  die  out.  According  to  t  is 
Sathl"  r?isttw.^  5  and  10  n^s^  Hie  absolute  c^ibration  of  -h 
fixing  the  value  of  the  radius  at  one  instant  by  a  companson  with  la^er  picture.  Fig.  ^ 

nictute  in  turn  is  calibrated  by  matching  it  to  the  theoretical  Rayleigh-Plesset  equation,  discuss 
L  following  section.  Suffice  it  to  say  here  that  in  view  of  the  wide  range 
the  SL  bubble  motion,  this  fit  is  highly  constrained.  For  this  data  one  finds  F„  -  38  /x 

«,ui„  pota..  in  iim.  b.  obnuned  by  d^ 

BghK^lgadt  »d  S™o.'l99TBy“ba1uS  S’bJ^blT^»"?a  ( 

video  images.  Whether  these  techniques  can  improve  on  the  calibrations  obtained  from  y  y 
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Fig.  9.  The  radius  R{t)  scaled  to  the  maximum  radius  Rm  during  one  cycle  of  the  sound  field.  If  V(t)  is  the  signal  on  the 
photodetector  and  is  the  noise  level,  this  plot  is  given  by  {ItV'fO  —  ^(r)]l/V^}*^.  where  is  the  maximum  voltage. 
Note  that  for  a  SL  bubble  Rm/Ro  »  10,  where  Ro  is  the  ambient  radius  which  is  the  radius  the  bubble  would  have  in  the 
absence  of  a  driving  pressure.  The  driving  sound  field  is  superimposed.  This  figure  is  constructed  from  the  data  in  Fig:  8. 
for  an  air  bubble  in  water.  A  comparison  to  the  Rayleigh'Plesset  equation  of  bubble  dynamics  indicates  that  for  these  data 
Ra  s  4.0  /im,  and  the  amplitude  of  the  sound  field  is  135  atm. 

remains  to  be  seen.  Altough  all  of  these  methods  lack  the  bandwidth  of  the  Mie  scattering  technique 
described  in  this  section,  the  video  images  point  the  way  towards  the  direct  detection  of  deformations 
in  the  shape  of  the  bubble. 

The  measurements  shown  in  Figs.  8*10  are  made  possible  by  the  nanosecond  response  time  of 
the  photomultiplier  tube  used  to  detect  the  scattered  light.  However,  this  response  time  is  still  not 
fast  enough  to  avoid  convolving  light  scattered  from  different  times  during  the  rapid  final  collapse 
to  the  minimum  radius,  shown  in  Fig.  10.  To  determine  more  accurately  this  key  interval  of  time 
leading  up  to  the  flash  of  light,  we  replaced  the  CW  laser  used  above  with  the  short  flashes  of  a 
titanium-sapphire  laser  (Barber  et  al.,  1997).  This  laser  produces  200  fs  wide  pulses  with  a  repetition 
rate  of  76  MHz,  which  corresponds  to  about  13  ns  between  flashes.  Now  the  instant  at  which  the 
light  was  scattered  by  the  bubble  is  precisely  labelled  by  the  pulse  of  laser  light,  and  the  integrated 
response  of  the  photomultiplier  tube  can  be  attributed  to  a  precise  moment  in  time.  Fig.  1 1  shows  the 
scattered  light  and  the  noise  level  using  this  apparatus.  The  width  of  the  peaks  is  due  to  the  PMTs 
finite  response  time  (5  ns),  which  is  shorter  than  the  time  between  consecutive  laser  pulses  (13  ns), 
so  there  is  no  spillover  of  the  tube  response  from  one  pulse  to  the  next.  The  height  of  the  peaks  is 
proportional  to  the  square  of  the  instantaneous  radius  of  the  bubble.  The  SL  flash  again  serves  as  a 
temporal  reference  point  in  the  alignment  of  many  traces. 

The  traces,  such  as  in  Fig.  11,  are  acquired  on  a  digital  oscilloscope  with  a  bin  separation  of  0.5  ns. 
The  integrated  area  of  each  peak  is  ascribed  to  the  bin  corresponding  to  the  time  difference  between 
the  maximum  of  the  peak  and  the  flash  of  SL.  As  data  is  acquired  at  different  phases  relative  to  the 
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Fig.  10.  Dcuil  of  the  bubble  motion  /?(0  near  the  minimum  ^  gain  level  used  to 

SpYoolSfo^oS  ^.0  ^oro.  If  U-  »  «o  tom  ««  -bl.o.  »dl..  ,0  0,. 

radius  is  tr* 

SL  flash  (note  that  the  lepeddon  as  in  the 

CT  «und‘eyele  is  tnatched  to  the  theotedcal  e<,u«ion,  and  the  blownfs 

r,«1elf^rh«a'S=  «  M.ch  .  t.  the 
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to  that  point  in  Umc  when  the  response  sno  6  maximum  As  shown  bv  these  data  the  flash  occurs  within 

and  the  100  ns  resolution  of  Lentz  ct  ah  (1995)  (see  their  Fig.  11). 

n»l,  is  l<yalizi!d  to  within  0.5  ns  of  the  tniniittuin.  In  this  experiment  the  light  flash  was  acquired  with 
3^  J^^oSdete^^oLLquirid  the  scattered  iight  and  as  with  the  indi.idoal  scattenng  p^s  of 
the  same  photodetector  q  ^  ascribed  to  the  location  of  its  maximum.  (Using 

ISv'swtten^g  iS'tfan  incorrect  interpretation  of  the  light  coining  a  few  ns  before  mimmum 
fBarber  and  Putterman.  1992).)  The  fastest  known  timescale  characterizing  SL  is 
rJfdS3:?th3'fll3.t3  Operand  this'tittte  siale  U  n«  resolved  or  apparent  in  this  light  scattering 

‘**Laser  scattering  from  a  non-light<mitting  bubble  (“bouncing”)  bubble  is  more 

Laser  scanenng  &  synchronous  output  of  the  sine-wave  generator, 

’"\h?reT?e'5^el  as  a  triggef  with  10  ns  jitter.  While  this  is  not  nearly  enough  resolution 
m  3t.^t:U^^.SL“of  huhhle  tnotln.  it  su«ie«  to  describe  the  siower  houneng 

bubble  motion  (Barber  and  Putterman.  1992). 


4.  How  does  one  describe  the  bubble  dynamics? 

C  .  frur  ,n  interval  of  time  of  about  200  ns  when  the  bubble  is  near  its  minimum  radius.  Rc, 
Except  f  one-tenth  of  the  ambient  speed  of  sound  of  gas  in  th 

speed  of  sound  in  water.  Thus,  during  993%  of  the  acoustic 
bubble  and  less  number  hydrodynamics  to  provide  an  accurate  description  of  the 

SoL°"tos  expectS  is  indeed  met.  and  these  solutions  indicate  how  the  bubble  absorbs  energy 
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from  the  sound  field  and  then  begins  its  runaway  collapse.  Already  in  1917,  Rayleigh  (1917)  made 
major  analytic  progress  in  finding  and  interpreting  the  equations  which  apply  in  this  circumstance. 
His  starting  point  was  fluid  mechanics  for  a  barotropic  equation  of  state  so  that  pressure,  P,  is  a 
function  only  of  the  density,  p.  These  equations  (Landau  and  Lifshitz,  1987)  are 

tE+ry.pv  =  0  (1) 

dt 

and 

^  +  PViVj  +  Ty]  =  0,  •  (2) 

dt  dt j 

where  is  the  velocity,  and  the  viscous  stress  tensor  is  given  by 


/  dvi  dVj  2.  _  \ 


where  tj  is  the  shear  viscosity.  These  equations  apply  to  both  the  gas  in  the  bubble  and  the  surrounding 
fluid;  the  only  adjustment  is  to  use  the  appropriate  equation  of  state  for  the  pressure  and  value  for  the 
shear  viscosity.  At  a  spherically  symmetric  interface  the  surface  tension  tr  leads  to  a  discontinuity  in 
the  perpendicular  component  of  stress: 


(4) 


where  P,  is  the  pressure  in  the  gas,  P  is  the  pressure  in  the  fluid,  and  viscous  effects  lead  to 
T„  =  —47]R/R,  the  viscous  effects  due  to  the  gas  being  negligible.  The  center  of  the  bubble  is  at  the 
origin  of  the  spherical  coordinates.  To  close  the  equations  also  requires  use  of  the  kinematic  boundary 
condition  r)  =  P(t). 

In  the  limit  where  the  imposed  sound  field  P.(r,  f)  has  a  small  Mach  number,  such  that  \Pelp<^\  < 
1,  where  c  is  the  speed  of  sound  in  the  fluid  (c,  will  denote  the  speed  of  sound  in  the  gas),  and  the 
Mach  numbers  and  accelerations  of  the  bubble  are  small. 


-<1. 

c 


and  the  wavelength  of  the  sound  field,  A  =  is  large  compared  to  the  bubble  radius,  kl?  ^  1, 
one  is  led  to  the  leading  order  Rayleigh-Plesset  equation  (Rayleigh,  1917;  Plesset,  1949;  Noltingk 
and  Neppiras,  1950;  Prosperetti,  1984;  Prosperetti  et  al.,  1988;  Lbfstedt  et  al.,  1993) 


3,1  ,  47?/^  2<7 

««  +  j/P  =  -<P,(R)  -  P.  -  P.(O.r))  -  ^ 


The  left-hand  side  of  this  equation  represents  the  inertia  of  the  accelerating  bubble  in  response  to 
the  net  force  on  it,  which,  as  on  the  right  hand  side,  is  due  to  the  difference  in  pressures  inside  and 
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Fig.  1 1 .  Pulsed  light  scattering  from  a  collapsing  bubble  as  probed  by  200  fs  pulses  of  light  with  a  repetition  rate  of  76 
MHz  (upper  trace).  The  scattering  data  arc  generated  by  a  single  sweep.  The  noise  floor  is  obtained  from  512  averages. 
Essential  to  this  method  is  that  the  response  of  the  detector  return  to  the  noise  floor  between  pulses.  In  this  way  each  peak 
can  be  ascribed  to  a  single,  precisely  timed  scattering  event.  Shown  on  the  lower  trace  is  the  output  of  the  photodiode  that 
tracks  the  timing  of  the  laser  pulses. 


Fig.  12.  Radius  of  a  sonoluminescing  bubble  (1%  xenon  in  oxygen  at  150  mm)  as  the  moment  of  collapse  is  approached. 
These  points  arc  obtained  by  averaging  together  many  traces  of  the  type  shown  in  Fig.  1 1 ,  for  various  phases  of  the  laser 
relative  to  the  flashes  of  SL.  According  to  these  data  the  bubble  is  collapsing  over  4  times  the  ambient  speed  of  sound  in 
the  gas.  For  this  bubble  Ro  =  4.1  /im»  Pj  «  1.45  atm. 
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outside  it.  At  leading  order  the  damping  is  due  to  viscous  effects  and  the  radiation  of  sound  into 
the  fluid  by  the  bubble’s  motion.  When  next-order  terms  in  a  Mach  number  expansion  (Prosperetti. 
1984;  Lofstedt  et  al.,  1993)  are  included  in  the  inertial  tenns,  the  left-hand  side  of  (5)  becomes 


For  small  Mach  numbers  these  corrections  are  obviously  small.  But  also  when  the  Rayleigh-Plesset 
equation  is  used  beyond  its  region  of  applicability  so  that  k/c  ~  0(1),  these  terms  present  the 
problem  that  the  effective  mass  becomes  negative.  Although  these  corrections  provide  a  slightly  more 
accurate  model  for  small  Mach  numbers,  we  will  continue  to  use  Eq.  (5)  to  desenbe  the  bubble 
motion.  The  externally  imposed  (sinusoidal  standing  wave)  sound  field  at  the  bubble  is 


/>,(0,r)  =  Pjcos(a>„f) 


(6) 


where  PI  includes  the  response  of  the  resonator  to  the  drive.  .ret. 

The  Rayleigh-Plesset  equation  needs  to  be  supplemented  with  an  equation  of  state  for  the  gas,  so 
that  it  becomes  a  closed  equation  for  R{t).  For  rapid  changes  in  the  bubble  radius  we  will  use  the 
adiabatic  equation  of  state  (Lofstedt  et  al.,  1993) 


P,(R)  = 


(7) 


where  y  =  Cf/Cv,  the  ratio  of  specific  heats,  and  we  have  allowed  for  the  possibility  that  the  collapse 
is  sufficiently  strong  that  the  hard  core  radius  of  the  bubble  contents,  a.  is  probed.  This  radius  is 
related  to  the  van  der  Waals  excluded  volume,  b,  by  fTro’  =Afb,- where  M  is  the  number  of  moles 
in  the  bubble  and  for  air  b  =  0.04  f /mole.  Ro  is  the  radius  at  which  the  pressure  inside  the  bubble  is 
the  ambient  pressure.  Po  =  1  atm,  so  that  for  air  Ro/a  =  8.54.  For  slow  motion  we  will  assume  an 
isothermal  equation  of  sute.  P,(R)  =  PoP2/«^  7i(R)  =  To,  where  To  is 

general  the  subscript  “g”  will  denote  properties  of  the  gas  and  the  subscript  “0  will  denote  properti  . 

of  the  gas  at  ambient  conditions.)  .  •  .  j-  ,  .h,. 

We  typically  use  the  isothermal  equation  of  state  for  radii  larger  than  the  ambient  radius,  and  the 
adiabatic  equation  of  sute  for  smaller  radii.  The  crossover  timescale  t  between  ‘i’® 
of  state  may  be  evaluated  by  calculating  the  diffusive  penetration  depth  in  the  gas.  B  this  oepin  i 
comparable  to  the  radius  of  the  bubble,  the  contents  will  be  isothermal;  if  it  is  much  smaller  tn^ 
1/3  the  radius  of  the  bubble,  the  adiabatic  equation  of  sute  is  more  appropriate.  The  expression  lo 
the  diffusive  penetration  depth  (Prosperetti,  1984)  is 


■ 

At  ambient  density  and  at  an 
is  microseconds.  The  resonant 


ambient  radius  of  a  few  microns,  the  timescale  for  ^e  crossover 
breathing  frequency  of  such  bubbles  corresponds  to  this  ambiguou 


"^Twpical  fit  of  the  RP  equation  to  dau  is  shown  in  Fig.  14  (Barber  and  PuttermM.  1992). 
sensitivity  of  the  fit  is  demonstrated  in  Fig.  15.  Here  the  fitting  parameters,  viz.  Ro  ano  r.. 
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TIME  (pis) 

Fig.  14.  Radius  of  a  3  mm  xenon  bubble  as  a  function  of  time  for  one  cycle  of  the  sound  field.  When  the  acoustic  pressure 
is  negative  the  bubble  expands.  This  is  followed  by  a  collapse  and  ringing  before  the  bubble  sits  dead  in  the  water  waiting 
for  the  next  cycle.  According  to  a  calibration  of  the  data  by  Rayleigh-Plesset  equation  (solid  line)  the  ambient  radius  is 
4.3  fLin  and  the  driving  pressure  is  1 .45  atm. 

varied.  Surface  tension  is  typically  taken  as  50  dyne/cm,  and  fits  generally  use  an  effective  damping 
7)  477w«cr  as  0.04  g/cm  s  due  to  impurities  in  the  water.  In  Fig.  14  it  is  apparent  that  the  fit  to 

the  afterbounces  is  not  in  very  good  agreement  with  the  experimental  data.  The  expanded  data.  Fig. 
16,  however,  shows  a  good  fit  to  the  RP  equation.  To  obtain  accurate  experimental  measurements 
of  these  afterbounces,  use  of  the  acousto-optic  modulator  is  essential;  the  PMT  cannot  resolve  the 
magnitude  of  the  relatively  small  bounces  after  being  exposed  to  scattered  light  from  the  expansion 
of  the  bubble  to  its  maximum  size. 

The  RP  equation  enables  us  to  calculate  the  various  timescales  governing  the  SL  bubble’s  dynamics 
(Lofstedt  et  al.,  1993).  To  characterize  the  expansion  of  the  bubble  from  its  ambient  radius,  to  the 
maximum  radius,  we  expand  the  RP  equation  around  the  maximum  rarefaction  of  the  drive.  The 
expansion  is  found  to  be  accurately  linear  in  time  (Apfel,  1986;  Lofstedt  ct  al.,  1993),  with  a  slope 


corresponding  to  a  Mach  number  relative  to  the  ambient  speed  of  sound  in  gas  A/  =  0.01  for  typical  -■ 
^  1 .4  atm.  The  time  scale  is  therefore  given  approximately  by 

^  (Rm  ~ /?o)/^A  (9) 

we  note  that  the  slope  given  by  (8)  is  in  good  agreement  with  Fig.  14.  Due  to  the  inertia  of  its 
expansion  the  bubble  continues  to  grow  even  after  the  net  pressure  acting  on  it  is  no  longer  negative. 
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TIME  (ns) 

Be  15  Sensitivity  of  soluUons  to  the  Rayleigh-Plesset  equation.  In  (a)  solutions  with  the  same  /?o  ^t  drive  pressures 
differing  by  10%  are  compared.  In  (b)  the  ampUtude  and  phasing  of  the  afterbounces  are  compa^  for  the  same  dnve 
ampUtude  but  ambient  radii  differing  by  10%.  A  comparison  of  Ught  scattering  data  to  the  Rayleigh-Plesset  equanon  yields 
a  fit  to  Ro  accurate  to  0.25  /im  and  to  P^  accurate  to  0.05  atm. 

This  is  the  timescale  t,  associated  with  its  turnaround  at  the  maximum  radius.  Expanding  the  RP 
equation  around  this  radius  yields 


which  is  on  the  order  of  5  (is  (again  in  good  agreement  with  Hg.  14).  If  this  timesc^e  comparable 
to  the  time  f_  required  for  the  sound  field  to  go  from  -fb  to  zero,  then  the  bubble  will  find  itseii 
perched  at  its  maximum  radius  with  a  vacuum  on  the  inside  and  Pb  on  the  outside.  So  if 
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Fig.  16.  Comparison  of  data  and  fit  to  the  Rayleigh-Plesset  equation  for  the  afteibounccs  of  a  3  mm  xenon  bubble.  To 
account  for  impurities  in  the  water  we  interpret  the  viscosity  as  an  effective  damping  and  take  its  value  as  0.04  g  cm/s 
(four  limes  the  tabulated  viscosity  of  pure  water),  and  for  surface  tension  the  value  50  dyne/cm  is  taken. 

r*  ~  =  (l/<uJsin~'(Po/0  (11) 

the  bubble  zi  R  =  R„  will  be  unstable  against  the  collapse,  which  was  first  calculated  by  Rayleigh 
(1917).  The  time  required  for  the  bubble  to  collapse  from  its  maximum  radius  to  its  minimum  radius 
can  be  evaluated  by  first  transforming  (5)  to  obtain  (Ldfstedt  et  al.,  1993) 


(12) 


which  applies  when  damping  and  surface  tension  are  negligible.  Integrating  this  equation  from 
where  /^  =  0,  to  R,  and  noting  that  unless  R  is  within  a  percent  of  the  hard  core  a  the  back  pressure 
of  the  gas  is  negligible,  yields 


2  -  ■  3p 
For  values  of  R  <  Rml2  we  have  to  about  10%  accuracy 

ii=-(2Po/3p)'/'0^^' 


(13) 


(14) 


so  that  the  time  to  go  from  /?*/2  to  iJo  is 

and  the  time  to  go  from  /?o  to  the  minimum  radius  is 


(15) 
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For  typical  parameters  tc  «  5CX)  ns  and  ns,  also  in  good  agreement  with  experiment  (Barbe 

and  ^tterman,  1992;  Ldfstedt  ct  al.,  1993).  This  calculation  involves  only  the  approximations  tha 
the  Mach  number  relative  to  the*speed  of  sound  in  the  fluid  is  small,  k/c  1,  so  that  the  radius  o 
the  bubble  must  be  larger  than  about  3a.  For  such  radii  one  can  also  easily  verify  that  the  dampini 
effects  are  small  and  that  can  be  neglected.  Even  when  k/c  I  it  is  possible  that  k/cg  1.  Ir 
this  limit  (12)  still  applies  but  the  equations  of  state  (7)  become  a  very  poor  description  of  the  ga> 
inside  the  bubble  (Greenspan  and  Nadim,  1993;  Lofstedl  et  al.,  1993);  in  particular  the  gas  become^ 
nonuniform  so  that  P^(r, r)  ^  P{R{t)). 

A  linearization  of  (5)  around  the  ambient  radius  Ro  yields  the  dispersion  law  for  the  (adiabatic) 
radial  pulsations  of  a  free  bubble  with  a  frequency  (Prosperetti,  1984). 


o}o{P)  =  [3yP/pFi(P)]''^  (17: 

so  that  to  ^  2v/<t)o(P).  Approximating  P  withPo  and  PoiP)  with  Rc  yields  tp  ~  1.3  fis  for  R  =  4.f 
/xm.  The  difference  between  this  estimate  and  the  actual  period  (-^  0.75  >xs)  can  be  accounted  for 
by  the  factor 

o^oiP)/<oo=lRo/Ro(P)]^'^=(P/Po)^^^ 

where  P  is  the  total  pressure  acting  on  the  ringing  bubble  and  Rc(P)  is  the  asymptote  in  Fig.  16. 

Finally,  one  can  also  use  the  RP  equation  to  estimate  the  time  for  the  bubble  to  turn  around  at 
its  minimum  radius  by  expanding  (5)  around  Rc.  Using  the  parameters  appropriate  to  SL,  one  finds 
a  timescale  of  about  a  hundred  picoseconds  (Ldfstedt  et  al.,  1993).  However,  this  short  timescale 
clearly  lies  outside  of  the  validity  of  the  hydrodynamic  approximations  which  led  to  the  derivation 
of  the  RP  equation.  Such  calculations  serve  only  to  show  that  these  approximations  are  violated, 
and  that  while  the  RP  is  rich  in  mathematical  implications  at  these  parameters,  it  misses  the  physics 
essential  to  SL. 

As  the  bubble  collapses  the  increasing  pressure  in  the  interior  becomes  a  pressure  source  for  an 
outgoing  acoustic  wave.  To  lowest  order  in  the  Mach  number  relative  to  the  fluid,  the  scattered  field 
takes  the  form  (Ldfstedt  et  al.,  1993), 


c5" 

CO 

i 

i 


/)  =  p 


2Rk^  +  R^k 


(18) 


Using  the  RP  equation  for  R(i),  one  can  readily  reproduce  the  acoustic  spike,  depicted  in  Fig.  1, 
trace  “a"  (Barber  ct  al.,  1997).  In  particular  the  spike  is  a  compression,  it  is  delayed  by  the  time 
that  it  takes  the  pulse  to  travel  the  1  mm  from  the  bubble  to  the  microphone,  and  the  spike  width  is 
due  to  the  response  of  the  microphone  to  the  nanosecond  bubble  dynamics.  A  blow-up  of  the  spike 
is  shown  in  Fig.  17.  Based  upon  the  calibration  of  the  manufacturer  (Precision  Acoustics),  the  pe^ 
has  an  amplitude  of  3  atm  at  1  mm  from  the  bubble.  The  initial  amplitude  of  the  outgoing  acoustic 
spike  may  be  obtained  by  correcting  for  the  spreading  and  damping  of  the  high  frequency  waves  as 
they  travel  from  the  bubble  wall  (at  0.5  /im)  to  the  microphone. 
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Fig.  17.  Response  of  a  PVDF  needle  hydrophone  to  ihe  short  pulse  of  sound  emitted  by  the  collapsing  bubble.  This  Is  the 
spike  shown  on  trace  (b)  of  Fig.  I  with  an  expanded  timescale.  The  rise  time  of  10  ns  is  instnimeni  limited  and  indicates 
the  presence  of  frequencies  greater  than  30  MHz.  (Hallaj  ct  at  (1996)  report  the  measurement  of  a  5  ns  risetime  that  is 
sull  instrument  limited.)  According  to  the  calibration  of  the  hydrophone,  the  signal  at  1  mm  from  the  bubble  is  about  3 
atm.  Correcting  for  geometric  dispersion  the  amplitude  at  the  point  of  emission  (0.5  /im)  is  over  6000  atm.  The  attenuation 
considerable  for  high  frequency  pukes.  For  instance  a  300  MHz  puke  is  reduced  in  amplitude  by  a  factor 
of  10000  after  having  travelled  1  mm.  Inclusion  of  this  effect  would  substantially  increase  the  estimate  of  the  launching 
amplitude  of  the  outgoing  puke. 

Interpreting  Eq.  (12)  as  an  energy  equation  (Noltingk  and  Neppiras,  1950;  LSfstedt  et  al..  1993), 
one  can  show  that  the  quantity  of  energy  absorbed  by  the  bubble  from  the  sound  field  during  its 
expansion  is  About  half  of  this  energy  is  radiated  as  sound  during  the  bubble’s  collapse, 

and  the  rest  is  dissipated  by  the  viscosity.  In  fact,  by  equating  the  energy  absorbed  to  the  energy 
radiated  at  the  minimum,  one  can  obtain  an  analytic  estimate  of  the  bubble’s  minimum  radius,  with 
reasonable  accuracy.  The  energy  of  the  radiated  light  from  the  brightest  bubble  represents  only  0.01% 
of  the  acoustic  drive  input.  However,  the  energy  radiated  as  light  is  comparable  to  the  acotistic  energy 
dissipated  in  the  resonator,  in  the  absence  of  a  bubble,  by  the  shear  viscosity.  To  see  this  consider  the 
ratio  of  the  energy  stored  in  the  bubble  to  the  energy  stored  in  the  sound  field  in  the  flask  (Ldfstedt 
et  al.,  1993) 

_  W 

E.~  phPe^Ry  (19) 

The  ratio  of  the  rate  at  which  these  quantities  dissipate  is  then 


-  PoRj 

2irAPo)T]R^y  ' 


(20) 
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which  is  order  10^!  The  huge  rate  at  which  bubbles  scatter  sound  energy  is  the  reason  why  bubbles 
make  outstanding  contrast  agents  for  acoustic  radiology  (Feinstcin,  1989;  de  Jong  et  al..  1992; 

D’Aiiigo  et  al.,  1993).  j  n  ,,  -e 

A  key  feature  of  the  SL  bubble  dynamics  is  the  asymmetry  of  the  expaiision  and  collapse  (Lofstedt 
et  al..  1993).  The  origin  of  this  asymmetry  is  the  inertia  of  the  bubble  which  allows  it  to  expand  even 
after  the  net  pressure  acting  on  it  is  no  longer  negative.  This  overshoot  of  the  bubble  expansion  (as 
described  by  Eq.  (10))  implies  that  when  the  bubble  reaches  its  maximum  size,  the  external  sound 
field  has  already  turned  compressive,  and  thus  there  is  no  force  to  resist  the  ^bble  wall  s  runaway 
collapse  into  its  evacuated  interior.  This  asymmetry  sets  the  arrow  of  time  for  the  SL  prwess  by 
leading  to  such  a  fast  collapse  that  the  radiation  damping  then  causes  the  bubble  to  sit  dead  in  the 

water  waiting  for  the  next  cycle.  j  .u  •  • 

An  empirical  criterion  for  SL  derives  from  the  observation  that  the  collapse  toward  the  minimum 

radius  for  a  sonoluminescing  bubble  attains  Mach  1.  relative  to  the  V 

at  its  ambient  radius  (Barber  et  al..  1994).  From  Rayleigh's  equation  (1917)  for  the  collapse  (14). 

this  condition  can  be  written  as 


HRo) 


'O(l). 


Solving  this  equation  for  the  expansion  ratio  of  maximum  radius  to  ambient  radius  gives 
as  the  condition  for  SL.  This  condition  is  lent  additional  support  by  “waterfall  plots  of  the  bubble 
dynamics  as  a  function  of  drive  pressure  (Fig.  18)  (Barber  et  al..  1994).  At  low  dnve  levels  a  stably- 
trapped,  but  non-light-emitting,  “bouncing”  bubble  obeys  the  RP  equation,  and  its  motion  throughout 
the  acoustic  cycle  is  well-described  by  low  Mach  number  hydrodynarmes.  The  expansion  ratio  is 
about  3.  and  thus  the  criterion  for  SL  is  not  met.  At  a  certain  drive  level,  the  lower  threshold  the 
bubble  suddenly  shrinks,  the  expansion  ratio  increases,  and  the  bubble  begins  to  emit  light.  As  shown 
in  Fig.  19.  which  is  a  detail  of  Fig.  18.  the  lower  threshold  for  SL  is  related  to  the  sudden  change  in 
the  ambient  size  in  the  bubble,  a  parameter  which  is  undetermined  by  the  RP  equation. 

Interaction  with  the  standing  wave  sound  field  also  determines  the  time  averaged  force  of  trapping 
of  the  bubble  (King,  1934;  LSfstedt  and  Putterman.  1991;  Lofstedt  et  al.,  1995) 

F,  =  -(VVP.) 

where  V  is  the  volume  of  the  bubble.  For  small  oscillations  the  acoustfo  radiation  (or  Bjerknes) 
forces  are  second-order  effects  in  the  drive  amplitude  (Bjerknes,  1906).  For  an  SL  bubble,  the  i 
averaged  force  is  dominated  by  the  expansion  of  the  bubble  which  is  when  the  volume  is  largest 
and  the  drive  pressure  passes  through  an  ascending  node  (Lofstedt  et  al.,  1995).  In  this  y  ( 
becomes,  to  a  good  approximation 

Fa  = 

Where  k,  is  the  z  component  of  the  sound  field  and  z  is  the  dist^ce  of  the  b^^We  from  foe 
pressure  antinode.  Hie  fo^  is  directed  toward  foe  pressure  antinode.  It  is  remarkable  that  foe  ^ 
nonlinearity  of  the  bubble  motion  leads  to  a  radiation  force  that  is  linear  in  the  external  drive.  This 
force  must  talance  foe  force  of  buoyancy  due  to  gravity  which  acts  in  foe  z  direction 
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Fig.  1 8.  Bubble  radius  verus  time  for  about  one  cycle  of  the  imposed  sound  field  as  a  function  of  increasing  drive  level. 
The  shaded  area  represents  the  Ught  emitting  region.  The  relative  intensity  of  the  emitted  light  as  a  function  of  drive  level 
is  indicated  by  the  vertical  lines.  For  the  unshaded  region,  the  air  bubble  is  trapped,  but  no  light  is  emitted.  At  drive  levels' 
below  the  unshaded  region  the  bubble  dissolves  over  a  tong  time  scale  1  s).  The  lowest  amplitude  swwp  (no  bubble 
present)  indicates  the  noise  level 


Fig.  19.  Plot  of  radius  versus  time  for  bubble  motion  just  above  and  below  the  threshold  for  the  onset  of  sonolumincsccnce. 
Note  that  the  expansion  ratio  Rm/Rti  increases  from  3.5  to  9  as  the  system  goes  from  a  non-light-emitting  bubble  to  an  SL 
bubble. 
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(24) 


(25) 


Fb  =  pg{V)  «  \7rRlpg. 

The  distance  of  the  bubble  from  the  velocity  node  then  is 

{z)^ipglP'A 

which  is  typically  less  than  1  mm.  The  motion  around  this  average  is  reduced  by  an  addition^  factor 
of  Pjl'jrpc?.  If  the  sound  field  is  turned  off.  the  bubble  radius  drops  to  Rq  and  the  bubble  floats  up 

with  the  terminal  velocity 


Vf  = 


9-nlp 


(26) 


which  for  typical  values  is  5  X  10“*  cm/s.  .  .  ,  .  • 

In  general  the  role  of  surface  tension  in  SL  bubble  dynamics  is  small  and  for  this  reason  it  was 
neglected  in  the  above  discussions.  However  for  sufficiently  small  bubbles,  surface  tension  becomes 
a  sizable  correction  to  the  ambient  properties  of  the  bubble  (Lofstedt  et  al.,  1995).  For  instance  the 
frequency  of  ringing  of  a  bubble  becomes 


<»is=‘OyPolpRlcr)''^ 


(27) 


where  the  radius  Rq^t  of  the  bubble  when  it  is  in  mechanical  equilibrium  with  the  externally  imposed 
pressure  Po  is  determined  by 


P,(Po<r)  =  Po  +  ^ 
so  that  to  a  very  good  approximation 

AP^  =  Pq  —  Po^  =  2<r/3Po  **  0.35  ^m. 


(28) 


(29) 


In  particular  the  expansion  of  the  bubble,  which  commences  when  the  net  pressure  acting  on  it  is 
negative,  can  be  delayed  because  the  negative  pressure  of  the  acoustic  drive  must  overcome  both  the 
ambient  pressure  and  the  extra  pressure  due  to  surface  tension.  The  criterion  for  expansion  becomes 


|P-(0|>Po  + 


2a 


R{P, «  -Po) 


(30) 


where  P( P,  =  -Po)  is  the  radius  of  the  bubble  when  the  net  external  pressure  goes  through  zero  (le. 
when  Pc  «  -Po)-  At  negative  net  pressure  stationary  mechanical  equilibrium  is  impossible  and  the 
bubble  wall  acquires  a  velocity.  Substimting  for  P  in  (30)  yields  the  magnitude  of  the  rarefaction 
that  must  be  exceeded  so  that  the  bubble  rapidly  expands 


|P-l>Po  + 


^  /  20- 
Po  \PoPo/ 


(31) 


For  2  fixn  bubbles  this  threshold  is  increased  by  35%.  The  maximum  velocity  of  bubble  expansion 
(see  Eq.  (8))  is  similarly  reduced  to: 
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Fig.  20.  Radius  versus  time  for  1%  xenon  in  nitrogen  bubbles  at  150  mm  partial  pressure  of  solution.  Shown  is  the 
transition  to  SL  from  a  small  bubble  whose  dynamics  are  dominated  by  surface  tension.  The  dashed  line  is  a  solution  to 
the  Rayleigh-Plesset  equation  with  surface  tension  set  equal  to  zero.  It  differs  dramatically  from  the  actual  motion  of  the 
small  {Rq~  1.5  /xm)  t^bble.  which  does,  however,  match  the  same  equation  when  surface  tension  is  included. 


This  effect  is  displayed  in  Fig.  20  which  shows  the  light  scattering  measurements  of  a  bubble  formed 
from  a  1%  xenon-doped  nitrogen  mixture  in  water  at  a  partial  pressure  of  150  mm  (Lofstedt  et  al.* 
1995).  According  to  this  data  the  surface  tension  for  this  small  bubble  (/?o  =  1.5  /xm)  reduces  R„ 
from  35  /xm  to  10  /xm.  It  should  be  clear  that  surface  tension  can  suppress  the  onset  of  light  emission 
in  these  bubbles  b^ause  the  critical  expansion  ratio  is  not  reached.  In  addition  surface  tension  is 
associated  with  hysteresis  in  the  ramping  up  and  down  of  the  acoustic  drive  pressure  (Lofstedt  et 
al.,  1995).  For  example  the  transition  to  SL  for  a  0.1%  xenon  in  nitrogen  bubble  at  150  Toir  is 
shown  in  Fig.  21.  Note  that  SL  is  separated  from  the  non-light-emitting  regime  by  a  region  where 
there  is  no  steady-state  bubble  motion.  Within  the  non-SL  region  an  upward  sweep  in  drive  amplitude 
marches  from  bubble  to  bubble  regardless  of  the  rate  of  increase  of  the  acoustic  pressure.  However,  an 
infinitesimal  step  to  lower  Fj  will  cause  the  bubble  to  disappear.  Nor  can  such  a  bubble  be  reseeded 
at  the  drive  level  at  which  it  disappeared;  to  recover  the  st^le  small  bubble,  one  must  start  with  a 
lower-amplitude  bubble  and  increase  the  drive  level. 

The  Rayleigh-PIesset  equation  of  bubble  dynamics  shows  how  the  bubble  takes  energy  from  the 
sound  field  and  then  accelerates  to  a  velocity  comparable  to  the  speed  of  sound.  At  that  point  more 
complete  equations  of  state  (or  microscopic  theories)  and  nonlinear  dynamics  must  be  employed. 
Furthermore,  the  ambient  radius  Rq  and  the  allowed  range  of  acoustic  drives  F«  are  not  determined  a 
priori  by  this  equation. 
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Fie  21  Transition  to  SL  for  a  0.1%  xenon  in  nitrogen  bubble  at  150  mm.  These  radius  versus  ti™  curves  were  taken  as  a 
function  of  increasing  drive  level.  With  this  system  bubbles  cannot  be  seeded  between  1.1  and  1.35  atm.  Tbose  states  must 
be  approached  from  the  lower  amplitude,  bouncing  bubble  regime. 


5.  Why  is  a  small  percentage  of  noble  gas  essential  to  stable,  visible  sonoluminescence? 

To  leant  about  SL  we  initially  tried  to  expand  the  available  par^eter  space  by  obtaining  light 
from  air  bubbles  in  non-aqueous  fluids  such  as  alcohols  and  low-viscosity  silicone  oils  (Weninger 
et  al  1995)  The  difficulties  faced  in  this  endeavor  led  us  instead  to  search  for  light  emission  from 
water  with  gases  other  than  air  dissolved  in  it  (Hiller  et  al..  1994;  Hiller  and  Putterman.  1995)  This 
led  to  the  design  of  the  sealed  acoustic  resonator  and  gas  manifold  system  described  in  Figs.  4  an 

5  (Hiller  et  al.,  1994;  Hiller.  1995).  .  onry 

The  first  experiments  in  this  line  of  research  used  pure  nitrogen  gas.  since  it  compnses  80%  of 
air.  To  our  surprise  neither  pure  Nz  nor  pure  Oj  nor  an  80  :  20  mixture  of  the  two  yielded  a  stab  e 
or  visible  signal.  After  convincing  ourselves  that  there  were  no  problems  with  the  vacuum 
system,  we  realized  that  air  is  1%  argon,  and  indeed,  as  shown  in  Fig.  22.  a  small  amount  of  noble 
gas  is  essential  for  the  activation  of  suble  bright  (i.e.  visible  to  the  eye)  SL  (Hiller  et  al..  1994). 
The  effect  of  doping  nitrogen  with  argon  as  a  function  of  partial  pressure  is  shown  m  Fig.  23. 

It  should  be  emphasized  that  when  we  speak  of  a  gas  mixture  of  a  certain  composition,  we  ^ 
referring  to  the  mixture  dissolved  in  the  water.  As  of  yet,  we  have  not  been  ^le  ‘o 
contents  of  the  bubble.  For  instance,  we  cannot  experimentally  rule  out  the  possibility  that  a  1%  argon 
in  nitrogen  solution  in  water  at  150  mm  yields  a  bubble  that  is  filled  with  pure  Of  course  su^ 
a  scenario  would  violate  the  theoretical  predictions  of  diffusion,  the  applicability  of  which  will  be 

discussed  in  the  next  section.  ,  .  •  r_  la,  in 

In  Fig  23  we  see  that  at  high  and  low  partial  pressures  the  SL  intensity  from  a  1%  argon  m 

nitrogen  mixture  decreases  (Hiller  et  al..  1994).  As  the  saturation  concentration  of  this  « 

approached,  the  light  emission  disappears;  by  contrast,  pure  argon  bubbles  yield  SL  at  all  pantai 
pressures,  although  such  bubbles  are  the  most  stable  near  3  mm.  ’ 
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Fig.  22.  Intensity  of  light  emission  from  a  sonoluminescing  bubble  in  water  as  a  function  of  the  percentage  (mole  fraction) 
of  noble  gas  mixed  with  nitrogen.  The  gas  mixture  was  dissolved  into  water  at  a  pressure  head  of  1 50  mm.  The  data  arc 
normalized  to  the  light  emission  of  an  air  bubble  in  24®C  purified  water  with  a  resistance  greater  than  5  MO  cm  dissolved 
at  150  mm.  Such  an  air  bubble  emits  about  2x10^  photons  per  flash. 


Fig.  23.  Intensity  of  SL  from  an  argon-doped  nitrogen  bubble  as  a  function  of  the  degree  of  saturation  of  the  gas  in  the  water. 
To  observe  SL  from  an  air  bubble  requires  some  degree  of  degassing  but  a  pure  argon  bubble  can  glow  at  concentrations 
approaching  saturation.  Since  tap  water  is  saturated  with  air  it  will  not  yield  SL,  but  if  tap  water  is  pressurized  to  about 
5  atm  the  concentration  of  air  falls  to  20%  (which  is  comparable  to  a  150  mm  solution  at  1  atm)  and  SL  can  then  be 
observed. 
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0  5*  100  I5«  :00  ISO 
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Fig.  24.  Sonoluminesccnce  from  nobIc*gas  doped-oxygcn  bubbles.  The  enhancement  effect  in  oxygen  is  very  similar  to  that 
which  occurs  in  nitrogen. 


DEUTERIUM 
5%  ARGON  tN  D2 
HYDROGEN 
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3  J4 

100 


PARTIAL  PRESSURE  (mm  Hg) 

Fig.  25.  Sonoluminesccnce  from  hydrogenic  bubbles  and  argon-doped  deuterium.  Hydrogenic  bubbles  are  very  unstable 
and  they  do  not  exhibit  the  enhancement  effect  displayed  by  oxygen  and  nitrogen. 
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As  shown  in  Fig.  24  we  have  found  that  the  noble  gas  doping  effect  also  works  for  oxygen  (Chow 
et  al.,  1996).  This  indicates  that  we  are  here  dealing  with  the  physics  of  atoms  and  plasmas  as  opposed 
to,  say,  effects  of  chemical  reactions  (Gtiffing,  1952;  Suslick  and  Flint,  1987;  Verrall  and  Sehgal, 
1987;  Lohse  et  al.,  1996),  or  the  properties  of  gas  scintillators  (Birks,  1964;  Tomow,  1996).  With 
regard  to  gas  discharge  physics  an  an^ogy  can  perhaps  be  found  in  the  Penning  effect  (Penning  and 
Addink,  1934)  where  various  gas  mixtures  can  dramatically  alter  discharge  characteristics.  However, 
with  SL  the  gas  compressions  approach  solid  densities,  and  the  system  is  far  from  the  parameter 
space  where  the  Penning  effect  is  usually  studied. 

The  enhancement  effect  observed  with  and  O2  is  not  observed  with  Hi  or  Di  as  shown  in  Fig. 
25  (Barber  et  al.,  1995).  These  bubbles  are  very  dim  and  unstable.  It  may  turn  out  that  as  higher 
degrees  of  water  and  gas  purity  are  achieved,  and  in  particular  any  air  leaks  from  the  gas  mMifold 
system  are  removed,  the  bubbles  of  hydrogen  and  deuterium  will  be  even  dimmer  than  shown  in  Fig. 
25.  An  outstjuiding  question  remains  how  to  enhance  SL  from  hydrogenic  gases.  There  is  of  course  a 
large  parameter  space  to  probe,  including  the  ambient  temperature,  the  ambient  pressure,  the  partial 
pressure,  and  the  possibility  of  adding  surfactants  to  the  water.  As  of  yet,  the  brightest  and  most 
stable  room-temperature  bubble  appears  to  be  a  1%  mixture  of  xenon  in  oxygen  at  a  partial  pressure 
of  150  Ton-. 


6.  What  determines  the  ambient  radius? 

For  given  experimentally  controllable  parameters,  such  as  the  drive  pressure,  the  ambient  temper¬ 
ature,  the  gas  and  fluid  composition.  Nature  determines  the  ambient  radius  (Lofstedt  et  al.,  1995). 
It  is  not  in  the  experimentalist’s  power  to  scale  up  the  size  of  the  SL  bubble.  In  fact,  it  is  not  yet 
theoretically  possible  to  predict  the  size  of  the  SL  bubble,  or  the  range  of  drive  pressures  for  which 
SL  exists.  Siiice  the  transition  to  SL  is  accompanied  by  a  change  in  the  ambient  radius,  it  is  clearly 
an  important  object  of  study. 

Simple  diffusion  theory  does  predict  a  stable,  stationary  value  for  the  ambient  radius  (Eller  and 
Flynn,  1965;  Fyrillas  and  Szeri,  1994;  LSfstedt  et  al.,  1995).  This  value  is  determined  by  requiring 
a  balance  between  the  gas  flow  into  and  out  of  the  bubble  during  its  oscillatory  cycle.  A  gas-fluid 
interface  achieves  thermodynamic  equilibrium  when  a  certain  partial  pressure  of  gas  is  dissolved  in 
the  fluid;  this  partial  pressure,  at  least  in  the  dilute  gas  limit,  is  proportional  to  the  pressure  of  the 
gas  above  the  fluid.  Consider  now  the  oscillation  of  the  SL  bubble.  When  the  bubble  expands,  the 
pressure  of  the  gas  inside  it  goes  down,  and  gas  will  flow  out  of  the  surrounding  fluid  into  the 
bubble.  When  the  bubble  size  is  smaller  than  a  certain  radius,  the  gas  pressure  is  higher  than  would 
be  in  equilibrium  with  the  surrounding  fluid,  and  gas  will  flow  out  of  the  bubble  interior  into  the 
surrounding  fluid.  A  steady-state  size  of  the  bubble  is  achieved  if  these  flows  of  mass  are  balanced. 
Thus,  diffusion  theory  predicts  a  distinct  ambient  radius  for  a  fixed  acoustic  drive  amplitude  and  fixed 
concentration  of  gas  dissolved  in  the  fluid. 

Mathematically,  this  picture  is  expressed  by  the  diffusion  of  equation  of  gas  in  the  fluid  (Landau 
and  Lifshitz,  1987), 
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where  C(r.  f)  is  the  concentration  of  gas  in  the  fluid,  D  is  the  diffusion  constant  for  gas  in  the  fluid 
(~  2  X  10"’  cmVs  for  air  in  water),  and  the  convective  term  takes  into  account  the  pulsations  of  the 
bubble.  This  equation  is  subject  to  the  boundary  condition  at  the  bubble  wall 

C(r  =  R)=CoPt{R)lPo  ^ 

where  C(r  f)  is  the  saturated  concentration  of  gas  dissolved  in  the  fluid  at  1  atm  (for  air  in  water 
Co/A)  «  0.02  where  A)  «  1-3  x  10"’  g/cm’  (Battino  et  al..  1984)).  This  boundary  condition 
expresses  Henry’s  law  for  the  fluid-gas  interface  (Fermi.  1936).  The  concentration  of  g^  in  Ae  fluid 
at  infinity,  C(r  =  oo)  =  C„,  is  determined  by  the  preparation  of  the  fluid,  C«/Co  =  where 

is  the  partial  pressure  of  the  gas  in  solution  as  is  established  by  the  methods  discussed  in  Section 

2. 

A  solution  of  (33)  for  steady-state  motion  determines  the  ambient  radius  which  would  be  in 
equilibrium  with  a  given  partial  pressure  of  gas  dissolved  in  the  fluid  (Fynllas  and  Szen.  1994; 
Lofstedt  et  al.,  1995) 


1 

''Tj  Po 
0 


where  T,  is  the  acoustic  period  and 
rit)s  I R*{t')dt'. 

This  result  applies  in  the  limit  where  the  diffusive  penetration  depth  is  small  compared  to  the 

maximum  radius  or  Sp  =  y/lDjul  <  i  V  u  uui  i"  •,  hu 

Since  the  integral  in  (35)  is  dominated  by  the  maximum  size  of  the  bubble,  C«  »s  detenmned  by 

that  part  of  the  motion  when  the  bubble  is  isothermal  (Lofstedt  et  al.,  1993).  Using  the  isothemal 
equation  of  state  one  finds  that  the  bubble  which  is  in  diffusive  equiUbnum  with  the  surrounding 
fluid  obeys  (Lofstedt  et  al.,  1995) 


A  compari»»  of  Uiis  fonoola  (or  more  procisoly  Eqs.  (35),  (36))  wilh  the  mWonl  sl»  oHo* 
drive  “bouncine”  bubbles  shows  that  diffusion  determines  the  size  of  these  bubbles  as  in  Fig.  2  . 

If  to  the  waterfall  plot  of  the  transition  to  SL.  it  is  clear  that  both  the  bouncir^g 

bubble  and  the  SL  bubble  cannot  be  in  diffusive  equilibrium  at  the  saine  partial  pressure  Yet  tm 
is  oreciseiv  what  is  found  for  air  bubbles  in  water.  In  Fig.  27  is  plotted  the  phase  of  the  SL  lig 
ISr^WvMordhviog  sound  6.16  (Barter  «  .1,  1995).U..  150  Ton;  rur  hubbl.  « 
shows  no  jiller  on  such  a  plot  indicating  that  it  is  stably  maintained  at  that  pantai  , 

tatble  the  tnmsition  to  SL  is  wxompanied  by  the  appeanmee  of  an  as  y«  nndetenmned  mass  6ow 
nrocess  that  enables  the  system  to  violate  Eq.  (37)  by  a  factor  of  about  50.  .  .  ,  _  p„  n?) 

^  Given  the  expansion  ratio  of  about  10  :  1  which  is  characteristic  of  SL.  one 
that  SL  bubbles  should  be  in  diffusive  equilibrium  at  amund  3  1 1995). 

pressure  where  pure  noble  gas  bubbles  are  stable,  as  is  also  indicated  in  Fig.  27  (Barber 
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•Ig.  26.  Static  versus  diffusive  equilibrium  partial  pressures.  The  abscissa  shows  the  pressure  at  which  gas  has  been  stirred 
nto  the  water,  and  the  ordinate  shows  the  pressure  calculated  from  the  application  of  the  diffusion  equation  to  the  measured 
)w  amplitude,  steady  state  bubble  motion. 


\t  this  partial  pressure  there  is  no  bouncing  bubble,  in  agreement  with  the  predictions  of  diffusion. 
All  trapped  noble  gas  bubbles  are  light  emitting  at  3  mm!  At  higher  partial  pressures  noble  gas 
'Kibbles  can  be  driven  to  high  enough  amplitude  to  make  light,  but  the  bubble  motion  is  unstable 
I  see  Figs.  27  and  28).  We  interpret  the  phase  jitter  of  the  pure  noble  gas  bubbles  at  higher  partial 
'iressures  as  obeying  the  diffusion  equation.  At  these  higher  partial  pressures,  the  bubbles  grow  in  size 
vith  every  cycle  of  the  dnve  in  accordance  with  the  diffusion  equation,  until  they  somehow  become 
instable  and  split  off  microbubbles  (Barber  et  al.,  1995),  suddenly  shrinking  in  size,  as  evidenced  by 
he  rapid  glitches  of  Rg.  27.  (This  process  has  been  called  “recycling”  by  Holt  and  Gaitan  (1996).) 
fhese  phase  glitches  also  show  up  as  fluctuations  in  the  light  intensity  of  these  noble  gas  bubbles, 
ts  shown  in  fig.  28.  The  timescales  of  the  growth  of  the  bubble  is  however  still  in  accord  with  the 
liflusion  equation  which  can  be  used  to  calculate  the  amount  of  mass  to  flow  into  a  bubble  during 
>ne  cycle  of  the  drive  (Ldfstedt  et  al.,  1995): 
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Time  (  s  ) 

Fig.  27.  Phase  of  light  emission  from  an  aigon  bubble.  Shown  is  the  time  during  the  acoustic  cycle  at  which  light  is  emittci 
for  200.  50,  and  3  mm  aigon  bubbles.  A  data  point  was  collected  every  tenth  acoustic  cycle.  An  air  bubble  at  150  mn 
is  also  shown  for  reference.  Note  that  an  air  bubble  is  stable  at  partial  pressures  where  diffusion  is  disobeyed,  but  aigoi 
bubbles  are  most  stable  where  diffusion  is  obeyed 


Time(s) 

Fig  28  Intensity  of  Ught  emission  ftom  in  atgon  bubble  as  a  function  of  time  at  a  partial  pressure  of  150  mm.  Each  eycl 
of  the  motion  Is  captured.  Large  changes  in  the  light  intensity  occur  on  the  time  ic^  of  a  single  acoustic  cycle. 
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4«  3 /r.D^c,-c,(C)q, 

where  po  is  the  ambient  density  of  the  gas  and  C^oiD)  is  the  calculated  equilibrium  concentration 
from  Eq.  (34).  To  obtain  this  result  one  must  supplement  Eq.  (33)  with  the  rate  of  mass  flow  across 
the  wall  of  the  bubble  due  to  diffusion. 


(39) 


The  time  scales  calculated  from  (38)  are  in  qualitative  agreement  with  the  glitching  rate  displayed 
in  Fig.  27.  * 

Any  theory  of  the  ambient  radius  has  to  reconcile  the  stability  of  a  sonoluminescing  air  bubble 
at  ISO  Torr  and  the  stability  of  pure  noble  gas  bubbles  at  3  Torr,  which  is  consistent  with  mass 
diffusion.  Our  logical,  but  unproven,  deduction  is  that  there  is  some  unknown  non-diffusive  mass  flow 
mechanism  controlling  the  size  of  the  sonoluminescing  air  bubble  in  water.  The  mass  discrepancy 
might  be  accounted  for  by  gas  discharged  along  with  the  outgoing  shock  as  the  bubble  reaches  its 
most  stressed  point  in  time  (Lofstedt  et  al.,  1995),  or,  following  quite  the  opposite  reasoning,  the 
hydrodynamic  pulsations  of  the  bubble  might  set  up  a  macroscopic  mass  convection  cell  that  breaks 
the  spherical  symmetry  (Gould,  1973;  Asaki  et  al.,  1993).  In  any  case  the  discharge  must  compensate 
for  the  diffusional  influx  given  by  (38). 

Ethane  bubbles  were  also  found  to  give  light  at  low  partial  pressures  where  the  10 :  1  expansion 
ratio  is  in  diffusive  equilibrium  with  the  surrounding  fluid.  However,  as  the  partial  pressure  is  reduced 
below  these  levels,  the  ethane  bubbles  can  sustain  a  17  :  1  expansion  ratio  and  again  violate  mass 
diffusion  arguments  (Barber  et  al.,  1995).  These  radius-time  curves  are  displayed  in  Rg.  29.  The 
waterfall  plot  for  ethane  at  2  mm  is  shown  in  Hg.  30.  All  of  these  . bubbles  are  light-emitting. 

A  consideration  of  waterfall  plots  (Lofstedt  et  al.,  1995)  of  gas  bubbles  of  various  compositions 
reveals  that  the  transition  to  light  emission  can  occur  after  the  (non-diflusive)  decrease  in  size  of  a 
bouncing  bubble  as  shown  in  Fig.  31.  This  graph  is  a  detail  of  the  waterfall  plot  of  Rg.  32  which 
shows  the  transition  to  SL  in  a  5%  argon  in  nitrogen  mixture  dissolved  at  150  mm.  The  same  situation 
can  be  seen  for  a  1%  xenon  in  nitrogen  bubble  as  shown  in  Figs.  33  and  34. 

The  diffusion  equation  enables  us  to  calculate  the  time  it  would  take  a  quiescent  gas  bubble  in  a 
fluid  to  dissolve  away.  This  timescale  (Epstein  and  Plesset,  1950) 


1  Po^o 
2D(Co-C„) 


(40) 


is  about  1/3  s  for  a  5  /cm  air  bubble  in  undersaturated  water.  One  can  compare  this  timescale  with 
the  “lum-on”  times  for  sonoluminescing  bubbles  shown  in  Rg.  35  (Ldfstedt  et  al.,  1995).  This  is  the 
time  it  takes  the  seeded  bubble  to  start  to  glow.  Pure  noble  gas  bubbles  start  to  glow  immediately,  even 
before  they  have  reached  the  pressure  antinode  of  the  resonator.  Npble-gas  doped  nitrogen  bubbles 
turn  on  gradually  (with  time  scales  comparable  to  Eq.  (40))  to  reach  their  final  steady  intensity. 
An  argon-doped  nitrogen  bubble  driven  near  its  upper  threshold  also  shows  modulations  on  the  time 
scale  of  Eq.  (40)  as  shown  in  Rg.  36.  The  time  scale  for  a  sonoluminescing  air  bubble  to  respond 
to  an  increased  drive  level  is  also  measured  in  seconds  as  shown  in  Rg.  37,  but  the  turnoff  which 
^companies  a  large  boost  in  drive  can  occur  over  a  hundred  times  faster  than  this  time.  When  the 
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Fig.  29.  Radius  venus  time  curves  for  an  ethane  bubble  at  -various  partial  pressures.  In  (a)  are  shown  2,  3,  and  4  mm 
bubbles  aligned  with  their  proper  phases  relative  to  the  sound  field.  The  parameters  for  the  4  mm  bubble  obey  diffusion 
whereas  the  17  :  1  expansion  ratio  of  the  2  mm  (see  (b),  (c))  bubble  is  inconsistent  with  the  steady  state  diffusion 
equation.  In  (b)  the  driving  sound  field  is  also  displayed.  The  intensity  of  SL  ffom  these  bubbles  is  so  weak  that  its  use  as 
a  trigger  for  the  acquisition  of  traces  yields  spurious  signals.  To  minimize  this  false  triggering  and  allow  for  averaging  of 
data  a  joint  gate  set  by  the  SL  flash  and  a  100-5(X)  ns  window,  determined  by  the  phase  of  the  sound  field  at  which  SL 
should  occur,  was  employed. 

sound  field  is  switched  off  the  bubble  returns  to  its  ambient  radius  with  the  decay  time  of  the  sound 
field  (5-10  ins)  and  then  dissolves  into  the  surrounding  fluid  as  shown  in  Fig.  37C.  Note  that  the 
bouncing  bubble  decays  in  about  1/3  of  a  second  whereas  the  SL  bubble  decays  in  about  1/10  s. 
The  difference  in  these  times  is  consistent  with  the  dependence  in  (40)  but  the  absolute  rates  are 
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Fig.  29.  Continued 


Rg.  30.  Waterfall  plot  for  a  2  Ton-  ethane  bubble.  The  height  of  the  vettical  ban  is  proponional  to  the 
emined  light  Note  that  all  trapped  bubbles  emit  light 


intensity  of  the 


about  twice  as  fast  as  the  simplest  diffusion  approximation. 

When  the  effects  of  surface  tension  are  included,  Eq.  (37)  is  still  the  correct  estimation  of  the 
consequences  of  the  diffusion  equation,  however.  Ro  is  no  longer  the  radius  of  the  bubble  when  it  is 
in  equilibrium  with  the  ambient  pressure.  The  equilibrium  radius  is  now  as  by  Eq 

(28).  In  terms  of  this  quantity  the  scaling  law  (37)  can  be  written  in  the  equivalent  form  ^ 


A  detailed  comparison  of  the  diffusion  equation  to  the  behavior  of  a  5%  argon  in  nitrogen  bubble 
«  150  Torr  is  shown  in  Rg.  38A.  At  low  drive  levels  the  measured  and  calculated  amhiVnt  radii 
are  in  fairly  good  agreement.  But  as  the  drive  level  is  increased  the  measured  radius  displays  a 
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Fig.  3 1 .  Radius  versus  time  for  an  argon-dojjed  nitrogen  bubble.  As  the  drive  is  increased  the  larger  bubble  abruptly  shrinks, 
and  the  expansion  ratio  increases.  This  bifurcation  due  to  a  non-diffusive  mass  flow  mechanism  occurs  here  below  the 
transition  to  SL.  The  bubble  has  5%  argon  in  nitrogen  and  the  gas  is  dissolved  into  the  water  at  150  mm. 


Fig.  32.  Transition  to  SL  for  a  5*.  argon  in  nitrogen  bubble.  The  vertical  bars  indicate  the  reUtive  intensity  of  SL. 

marked  deviation  from  the  requirements  of  diffusion.  There  is  a  drop  and  subsequent  “creas® 

Ro.  The  thick  solid  line  indicates  those  bubbles  which  yield  light  It  is  important  to  ^ 

the  deviation  from  diffusive  equilibrium  already  occur  for  non-light-emitting  lobbies.  The  ma^ 
temperature  reached  when  these  bubbles  collapse  is  about  1000  K,  At  such  relatively  low 
only  a  handful  of  nitrogen  molecules  are  dissociated  so  that  (at  least  for  the  bouncing  u 
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Fig.  33.  Waterfall  plot  showing  the  transition  to  SL  for  a  1%  xenon-doped  nitrogen  bubble  The  relative  intensity  of  SL  is 
indicated  by  the  vertical  lines.  The  transition  to  SL  occurs  only  after  the  force  of  surface  tension  on  the  small  bubbles  is 
overcome  by  the  driving  sound  held.  The  partial  pressure  of  solution  is  150  mm. 
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Hg.  34.  Effect  of  anomalous  mass  flow  on  the  radius  of  a  1%  xenon  in  nitrogen  bubble  as  the  drive  level  is  increased. 

understanding  of  the  non-diffiisive  mechanism  lies  outside  chemistry  (compare  with  Lohse  et  al. 
(1996)).  We  suggest  that  the  additional  mass  flux  originates  with  the  outgoing  acoustic  spike  (Figs. 
1. 17)  launccd  by  the  collapsed  bubble.  This  spike  is  observed  for  both  the  SL  and  bouncing  bubbles. 

The  curves  which  yield  the  equilibrium  ambient  radii  for  given  sound  field  and  concentration  of  gas 
in  the  water  are  calculated  from  the  diffusion  equation  by  substituting  a  solution  to  the  RP  equation 
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Fig.  35.  ■nim-on  times  for  SL.  Shown  is  the  light  intensity  (noimaliied  to  an  «ir  bubble  in  water)  as  a  function  of  time 
after  seeding  a  bubble  into  an  acoustically  driven  resonator.  In  (a)  a  pure  xenon  bubble  at  high  drive  leveU  lights  up  almost 
instantaneously.  In  fact,  these  bubbles  are  glowing  as  they  leave  the  NiCr  wire  on  their  way  to  the  velocity  node  of  the 
sound  field,  (b)  and  (c)  show  the  response  of  a  xenon-doped  nitrogen  bubble.  An  arrow  indicates  a  flash  of  Ught  from  an 
LED  that  is  activiatcd  by  the  current  through  the  nichrome  wire.  This  is  the  moment  at  which  the  bubble  is  seeded.  Note 
the  plethora  of  time  scales  that  characteriie  the  bubble  driven  at  a  high  amplitude  (c). 

into  Eq.  (35)  (Church,  1988.  Cnim  and  Cordry.  1994;  Brenner  et  al.,  1996).  These  curves  are  shown 
in  Fig.  39  for  drive  pressures  between  0.9  and  12  atm.  For  given  Coo/Q  one  picks  off  an  equilibrium 
Ro.  Since  multiple  solutions  are  possible,  the  issue  of  stability  becomes  important.  It  turns  out  in  fact 
that  the  calculated  equaibrium  points  plotted  in  Fig.  38.  even  at  low  amplitude  where  experiment 
and  diffusion  agree,  are  unstable  according  to  diffusion.  When  the  slope  in  Fig.  39  is  negative,  a 
fluctuation  that  increases  the  bubble  radius  brings  it  to  a  higher  expansion  ratio  and  thus  further  away 
from  equiUbrium  with  the  surrounding  gas  fluid  mixture,  so  that  more  gas  will  flow  in  causing  the 
bubble  to  grow  even  larger.  So  for  these  bubbles  the  non-daiusive  mechanism  not  only  detenrunes 
the  size  but  also  the  stability  even  at  low  drive  levels.  For  comparison,  in  Fig.  38B  also  are  plotted 
the  first  stable  solutions  to  the  diffusion  equation  together  with  experirriental  values. 
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Fig.  36.  SL  intensity  and  bubble  radius  as  a  function  of  time  for  a  nitrogen  bubble  with  5%  aigon  at  150  mm.  At  a  drive 
level  just  below  the  upper  threshold  of  SL  this  bubble  shows  a  variation  on  a  long  time  scale  of  the  order  of  4  s.  The 
acoustic  frequency  is  23  kHz. 

For  bubble  radii  under  about  8  nm  the  cause  of  this  instability  is  the  surface  tension  as  shown 
in  Fig.  40  which  compares  bubbles  with  and  without  surface  tension.  For  bouncing  bubbles  there 
remains  the  issue  of  whether  multiple  equilibria  can  be  observed  and  why  diffusively  unstable  bubbles 
are  observed  at  low  drive  levels.  An  experiment  aimed  at  observing  multiple  equilibria  will  have  to  be 
run  in  very  pure  water  because  as  seen  from  the  dashed  line  in  Fig.  39  a  realistic  choice  of  damping 
washes  out  many  of  the  wiggles.  Also  note  that  use  of  the  isothermal  equation  of  state  for  the  slower 
parts  of  the  cycle  (as  was  used  here)  reduces  the  chances  for  multiple  equilibria  (This  should  be 
compared  to  Brenner  et  al.  (1996)  who  used  the  adiabatic  equation  of  state  for  the  whole  cycle.) 
Regarding  the  instability,  it  is  important  to  realize  that  the  corresponding  growth  rate  is  very  slow. 
The  time  constant  for  exponential  growth  is 


■  D  d(C„/Co)  / 

2Ro  d/Jo  V 

(42) 


which  for  a  7  /tm  bubble  at  1  atm  is  about  1/2  min.  Fmally,  as  we  have  emphasized,  the  onset  of 
the  non-diffusive  mass  flow  mechanism  will  affect  these  comparisons. 

According  to  the  graphs  in  Fig.  41 A  multiple  equilibria  are  also  possible  in  the  SL  regime.  Here 
there  are  two  categories  of  such  equilibria.  We  see  that  at  Ceo/C#  =  0.004  there  are  two  intersections 
with  the  response  at  13  atm,  with  bubbles  with  ambient  radii  of  2.1  and  4.6  nm.  The  smaller  bubble 
is  strongly  dominated  by  surface  tension  and  is  difiusionally  unstable  with  a  short  time  constant.  The 
larger  bubble  is  in  fact  the  one  observed  in  experiments.  The  other  cat^ory  is  a  tree  stable  multiple 
equilibrium  as  can  be  seen  where  this  partial  pressure  intersects  the  1.4  atm  drive  level  response  at 
/Jo  =  7.0  and  12  urn.  These  multiple  equilibria  again  wash  out  at  higher  levek  of  damping,  leaving 
one  stable  equilibrium  state  in  the  parameter  range  of  inter^t.  Furthermore,  as  shown  in  Fig.  41B 
the  radius-time  curves  for  these  bubbles  are  not  typical  of  SL.  The  afterbouncing  rings  through  until 
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Fig.  37.  Dynamic  response  of  the  intensity  of  sonoluminescenee  and  of  the  bubble  radius  to  a  sudden  change  in  the  dnve 
level.  In  (A)  the  drive  is  boosted  above  the  upper  threshold  and  after  becoming  brighter  for  a  short  ume.  the  ^bble 
disappears.  In  (B)  the  drive  is  boosted  from  weak  to  strong  SL.  After  “gagging”  {which  can  aiso  be  seen  in  (A))  Ae 
bubble  achieves  a  new  steady  state  during  a  long  time  scale  measured  in  seconds.  The  signal  hw  been  averaged  with  a 
time  constant  of  100  /is  for  (A)  and  10  ms  for  (B).  Strictly  speaking  the  results  labeled  “radius"  are  proporuonal  to  the 
product  of  R^  and  the  duration  of  the  expansion.  In  (C)  and  (D)  U  plotted  the  square  of  the  ambient  radius  as  a  fiincuon 
of  time  after  the  sound  field  is  turned  off.  After  an  acoustic  time  of  about  5-10  ms  the  bubble  drops  to  its  ambient  radius 
and  then  dissolves.  The  bouncing  bobble  (D)  (7  /im)  dissolves  in  about  1/3  s  and  the  SL  bobble  (C)  (4  /im)  dissolves 
in  about  1/10  s.  The  50%  deviation  of  these  times  from  Eq.  (40)  might  be  accounted  for  by  surface  tension  and  incresed 

tesolution. 


the  next  acoustic  cycle.  It  is  in  fact  the  variation  in  the  afterbounce  resonances  that  accounts  for  the 
calculated  multiple  equilibria.  As  a  rule  the  SL  bubbles  are  sitting  dead  in  the  water  ^  the  next  cycle 
begins.  (The  transition  to  SL  for  the  systems  studied  to  date  is  therefore  not  explained  in  terms  ot 
multiple  diffusive  equilibria,  in  constrast  to  the  conclusions  of  Crum  and  Cordry  (1994)  and  Brenner 

^  ConridCT  again  the  noble  gas  bubbles  which  are  experimentally  stable  at  3  mm  where  diffiiMon 
theory  also  allows  for  an  equilibrium  bubble  with  an  expansion  ratio  large  enough  for  SL.  A  wateii^i 
plot  of  such  a  bubble  of  argon  is  shown  in  Fig.  42.  TTie  experimental  data  for  Ro  and  F,  for  tnis 
argon  bubble  are  compared  to  the  150  mm,  5%  argon  in  nitrogen  bubble  in  Fig.  43.  In  the  region 
SL  the  data  for  these  two  systems  are  remarkably  similar  and  in  good  experimental  agreemen 
the  parameters  calculated  from  diffusion  theory  for  a  pure  argon  bubble.  This 
some  rectification  process  that  concentrates  one  of  the  gases  in  the  bubble  may  exist  (Lbfst^t  et  ., 
1995);  however,  the  requirements  of  diffusion  theory  apply  to  each  gas  separately,  and  the  gc 

**  to'^IIduston,  the  stability  and  size  of  light  emitting  air  bubbles  ,  (and  higher  amplitude  bouncing 
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Fig.  37.  Continued 


bubbles)  requires  that  a  non^diffusive  mass  flow  mechanism  operates  during  each  cycle  of  the  sound 
field.  The  stability  of  light  emitting  noble  gas  bubbles  at  3  mm  is  consistent  with  diffusion.  At 
higher  partial  pressures  the  motion  is  also  consistent  with  diffusion  from  cycle  to  cycle  but  after 
many  cycles  a  ‘‘catastrophic**  non-diffiisive  event  occurs,  such  as  a  piece  of  the  bubble  splitting  off. 
Although  the  diffusion  equation  permits  multiple  stability,  experiments  in  water  have  not  observed 
this  effect.  Whether  other  regions  of  parameter  space  will  suppress  the  nondiffusive  effects  so  as  to 
make  these  states  physically  accessible  remains  to  be  seen. 


7.  Why  is  water  the  friendliest  fluid  for  sonoluminescence? 

One*s  ability  to  observe  SL  in  a  non-aqueous  fluid  is  greatly  enhanced  by  the  use  of  xenon  as 
the  dissolved  gas  (Weninger  et  al.,  1995).  Pure  helium  and  pure  argon  bubbles  do  not  give  light  in 
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Fib.  39.  Equilibrium  concentrations  as  a  function  of  ambient  radius  for  various  drive  levels  ranging  from  0.9  to  1.2  abm 
Fbr  the  solid  lines  the  viscosity  is  1  centistokes  and  the  surface  tension  is  70  dyne/cm.  The  dashed  line  has  been  calcuUted 
with  a  viscosity  of  4  cSt  and  a  surface  tension  of  50  dyne/cm.  The  wiggles  indicate  the  presence  of  multiple  equibbna, 
jnd  the  negative  slopes  are  unstable  if  diffusion  were  the  dominant  process.  These  graphs  have  been  caloilated  K>f  7  =  • 
the  isothermal  equation  of  state  has  been  used  for  radii  larger  than  the  ambient  radius  and  the  adiabatic  equation  of  state 
•iherwise.  On  *e  right  axis  is  plotted  (3C«/Coo)''’  which  according  to  the  scaling  Uw  Eq.  (37)  is  the  theoteucally 
wedicted  value  of  Rm/Ro-  This  figure  was  calcuUted  for  an  acoustic  frequen^  of  26  kHz. 

field  while  maintaining  the  same  level  of  light  emission.  This  tendency  to  wander  away  from  the 
pressure  antinode  at  increased  drive  is  also  achieved  in  non-light-emitting  helium  bubbles  in  silicone 
jil  (Lofstedt  et  al.,  1995),  xenon  bubbles  in  water  at  temperatures  close  to  O^C,  and  air  bubbles  in 
water  at  static  pressures  less  than  one  atm  (Barber,  1994).  Rg.  45  shows  measurements  of  the  light 
emission  from  xenon  bubbles  in  1 -butanol  for  various  partial  pressures  and  temperatures;  note  the 
breaks  in  the  curve  such  as  at  -5'C  for  250  mm  partial  pressure.  Rg.  46  shows  the  light  emission 

jurvcs  for  xenon  in  ethanol.  .  i.  •  j 

These  experiments  display  another  general  but  as  yet  unexplained  feature  of  SL,  viz,  that  it  produces 
•  more  light  at  low  temperatures  (Barber  et  al.,  1994).  nds  was  first  observed  for  air  in  water  as  shown 
m  Rg.  47,  where  cooling  the  water  from  40*0  to  results  in  ari  increase  in  the  light  emission 
of  over  a  factor  of  100  (the  increased  emission  is  correlated  with  an  increase  in  the  maximum  value 
of  sound  level  that  can  be  imposed  on  the  SL  bubble  without  destroying  it).  It  seems  to  be  fortunate 
happenstance  for  the  discovery  of  SL  that  room  temperature  is  not  20®C  hotter.  In  fact,  it 
that  a  static,  (ambient)  pressure  of  one  atrnosphere  also  provides  the  most  stable  SL  (as  shown  for 
an  ethane  bubble  in  Rg.  48).  Our  goal  in  decreasing  the  ambient  pressure,  Po,  was  to  increase  the 
energy  amplification  characteristic  of  SL  (Barber  et  al.,  1991).  The  drive  level  required  for  SL,  P  , 
scales  to  the  ambient  pressure,  and  the  acoustic  energy  density  is  proportional  to  the  square  of  the 
drive  level  At  1/4  atm  of  static  pressure,  the  observation  of  SL  would  involve  an  energy  focusing 
an  order  of  magnitude  greater  than  estimated  in  Section  1.  The  lowest  ambient  pressure  at  which  SL 
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Re  40  Equilibrium  concentrations  for  given  radii  showing  the  effect  of  surface  tension.  These  curves  ^  calculated  front 
RP  and  the  diffusion  equaUon.  The  dashed  line  is  for  zero  surface  tension.  The  dnve  level  is  1  atm  and  the  vtscosity  is  4 

cSl 

has  been  successfully  observed  is  1/3  atm  (Barber.  1994).  At  these  reduced  pressures  the  bubble 
becomes  not  just  dim  but  also  poorly  behaved.  This  observation  sugpsts  that  SL  from  diatomics  or 
non-aqueous  fluids  might  be  stabilized  by  increasing  the  static  pressure.  The  expenment  remains  to 

Fig.  49  shows  the  dramatic  reduction  in  SL  that  acompanies  the  addition  of  tiny  founts  of 
impurity  (butanol)  to  the  standard  air  bubble  in  water  (Weninger  et  al.,  1995).  In  fact  the  strength 
of  SL  from  such  a  fluid  mixture  is  less  than  from  an  air  bubble  in  the  pure  butanol,  which  as  shown 

in  Fig.  50  also  yields  a  very  faint  signal.  ,  j 

The  high  solubility  of  xenon  in  nonaqueous  fluids  implies  that  diffusion  processes  lead  ‘o 
fluxes  of  gas  into  and  out  of  the  bubble  during  each  cycle.  These  oscillatory  fluxes  have  ari 
that  is  generally  larger  than  the  anomalous  mass  flow  (38),  and  are  given  by  (Lofstedt  et  al..  19^3) 


Jd  Po 


Po 


Since  the  solubility  of  xenon  in  butanol  is  lO**  mole  fraction  as  compared  to  ^  in  ' 

1.3  X  10-^  mole  fraction,  one  finds  that  Co/fio  «  2.4.  which  is  so  large  that  accordmg  to 
equation.  20%  of  the  gas  in  a  xenon  bubble  in  butanol  must  flow  in  and  out  durmg 
S  in  water  the  oscUlatoty  mass  flux  is  under  a  percent).  Perhaps  this  effect  accounts  for  th 
jittering  of  these  bubbles.  However,  gases  with  a  lower  solubility  (such  as 
is  a  fa^or.of  ten  smaller)  and  presumably  greater  stability  from 

yield  SL  from  butanol,  and  so  there  is  no  simple  interpretation  of  the  role  of  the  diffusion  eq 
in  SL  from  non-aqueous  fluids. 
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Fig.  41.  (A)  Equilibrium  concentrations  as  a  function  of  radii  as  calculated  from  difiusion  for  bubbles  with  SL  parameters. 
Note  that  an  increased  viscosity  (dashed  line  s  4  cSt,  solid  lines  =  1  cSt)  diminishes  the  multiple  equilibria.  On  the  right 
axis  is  plotted  the  expansion  ratio  as  calculated  from  the  scaling  Eq.  (37).  The  surface  tension  is  70  dyne/cm  for  the  solid 
lines  and  50  dyne/cm  for  the  dashed  line.  (B)  Calculated  radius-time  curve  in  the  region  of  multiple  equilibria  for  a  7.0 
Mra  bubble  driven  at  1.4  atm  at  30  kHz.  Although  the  expansion  ratio  is  about  8  :  1  the  oscillations  of  this  bubble  persist 
until  the  next  acoustic  cycle.  Such  an  effect  has  not  yet  been  observed  for  an  SL  bubble.  The  solid  line  is  for  1  cSt  and  the 
dotted  line  is  calculated  for  4  cSt.  The  ratio  of  the  heat  capacities  is  1 .4. 

The  wealth  of  parameters  which  characterize  SL  in  these  experiments  tend  to  rule  out  a  number 
of  simple  phenomenological  correlations.  For  instance,  the  solubility  of  gases  in  fluids  (Battino  et 
al.,  1984;  Pollack  et  al.,  1984;  Fogg  and  Gerand,  1991)  does  not  appear  to  be  of  crucial  importance 
because  the  solubility  of  xenon  in  dodecane  is  over  a  thousand  times  greater  than  the  solubility  of  air 
in  water.  Similar  remarks  apply  to  the  fluid’s  vapor  pressure,  which  for  dodecane  is  10^  times  smaller 
than  for  ethanol,  and  to  the  fluid’s  dielectric  constant,  which  is  80  for  water,  25  for  ethanol  and  2.3  for 
silicone  oil.  The  relative  insensitivity  of  SL  to  chemistry  suggests  that  heliuin  gas  dissolved  in  liquid 
argon  could  constitute  a  simple  and  thus  paradigmatic  system  for  the  study  of  SL.  Unfortunately  our 
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Fig.  42.  Waterfall  plot  of  an  a  3  mm  aigon  bubble  in  water.  All  of  these  bubbles  emit  Ught;  the  relative  SL  intensity  is 
indicated  by  the  vertical  bars.  At  one  pressure  step  above  the  highest  level  shown  the  bubble  blinks  and  dies,  and  at  one 
pressure  step  below  the  lowest  drive  level  the  bubble  dissolves. 


ng.  43.  A  comparison  of  measured  drive  levels  and  ambient  radii  for  a  3  mm  argon  bubble  and  a  150 
n  nitrogen  bubble.  In  the  region  of  SL  the  bubble  parameters  ov^p.  and 

liffiision  theory  applied  to  a  pure  argon  bubble.  For  the  theory  the  frequency  is  taken  to  be  23  kHz,  y  /  .  .  ^ 

,  50  Zr/em^arJ^  kinematic  viscosity  is  0.04  cmVs.  Note  that  for  the  3. 4.  8  mm  theory  plots  there  «  no  «)luuon  below 


the  lowest  value  plotted 
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Fig.  44.  Intensity  of  SL  from  a  single  xenon  bubble  trapped  in  various  fluids  as  a  function  of  temperature  (normalized 
to  150  mm  air  in  water  at  room  temperature).  These  are  the  largest  signals  that  can  be  observed  for  30  $  or  longer.  For 
1-pentanol  below  1®C  non-light-emitting  bubbles  can  be  sustained.  By  sweeping  the  drive  level  a  signal  of  1-2  mV  (0.1 
normalized)  can  be  attained  for  about  SO  nts. 


‘ig-  45.  Intensity  of  SL  for  a  single  xenon  bubble  in  1 -butanol  as  a  function  of  partial  pressure  and  temperature.  For  the 
^0  mm  and  325  mm  curves  at  cold  temperature  the  same  comments  given  for  1-pentanol  in  Fig.  44  apply. 
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Fig.  48.  Intensity  of  SL  for  an  ethane  bubble  (dissolved  into  water  at  a  partial  pressure  of  2  mm)  as  a  function  of  the 
ambient  (static)  pressure.  Also  shown  is  the  phase  of  emission  of  SL.  The  earlier  time  of  emission  at  higher  pressure  is 
due  to  the  fact  that  those  bubbles  spend  less  time  at  the  maximum  radius.  At  a  static  pressure  of  4-5  atm  ^^p**  water  can 
display  stable  SL.  Although  tap  water  is  saturated  as  it  comes  out  of  the  faucet  it  becomes  degassed  relative  to  C(Fo)  as 
Pu  increases. 


MOLE  FRACTION 

Bg.  49.  Intensity  of  SL  as  a  function  of  impurity  concentiaUon  in  the  water. 
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Tcmptnlar*  (*C) 

Fig.  50.  SL  from  an  air  bubble  in  butanol  as  a  function  of  ambient  temperature. 

8.  How  energetic  are  the  emitted  photons? 

Re  51  displays  the  uncalibrated  spectrum  of  a  helium  bubble  in  water,  taken  with  an 


iH-No  filtGr : 
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Utera  must  be  used  to  luppress  second-ottte  Hera  thh  effect  sets  in  at  about  380  nm.  The  physical 
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Fig.  52.  Transmission  of  light  through  water  and  one  wall  of  the  GM  quartz  flask.  Data  which  are  corrected  for  dansmission 
uses  this  curve. 


already  apparent  in  this  plot:  the  broad  band  nature  of  the  light  (i.e.  no  spectral  lines  at  the  10  nm 
FWHM  resolution  employed),  and  the  persistence  of  a  signal  down  to  a  wavelength  of  190  nm  which 
is  up  to  an  energy  almost  6.5  eV.  The  loss  of  signal  at  this  wavelength  is  in  part  due  to  the  fall  off 
in  response  of  the  grating  at  the  diffraction  angle  corresponding  to  this  wavelength.  The  fundamental 
cause  for  the  cutoff  of  the  spectrum  at  this  point  is  due  to  the  attenuation  of  light  travelling  through 
water.  Water  does  not  become  transparent  again  until  well  into  the  X-ray  regime  (Robinson  Painter 
et  al.,  1969).  To  obtain  values  for  the  spectral  radiance  which  are  corrected  for  the  response  of  the 
grating,  mirrors  and  photodetector,  we  use  calibrated  sources  (quartz-tungsten-halogen  and  deuterium 
lamps).  Even  if  water  would  not  cut  off  light  in  the  far  UV  there  still  would  be  no  established 
procedure  for  calibrating  the  spectrum  below  200  nm.  It  is  also  important  to  use  order-sorting  filters 
to  suppress  second-order  scattering  by  the  grating.  The  arrow  in  Fig.  51  shows  the  onset  of  a  signal 
due  to  second-order  scattering  when  such  a  filter  is  not  used.  Estimates  of  the  effect  of  transmission 
through  water  and  the  resonator  walls  on  the  spectra  are  obtained  by  measuring  the  attenuation  of 
light  focused  to  pass  through  the  center  of  the  resonator.  These  correction  factors,  when  used,  are 
shown  in  Fig.  52.  The  noise  level  was  reduced  by  acquiring  data  with  a  lock-in  amplifier  synchronized 
to  the  acoustic  frequency,  which  is  also  the  rate  at  which  the  SL  light  emission  turns  on  and  off. 
Putting  all  these  effects  together  yields  typical  calibrated  spectra  for  SL,  as  shown  in  Fig.  53  for 
helium  dissolved  at  150  mm  at  various  temperatures. 

The  spectrum  from  various  noble  gases  at  room  temperature  and  and  0®C  are  shown  in  Figs.  54 
md  55  (Hiller  et  al.,  1994).  In  these  experiments  the  gas  is  dissolved  in  water  at  a  partial  pressure 
3f  3  mm.  Fig.  56  shows  the  spectrum  ^m  noble-gas-dopcd  nitrogen  mixtures.  It  is  apparent  that 
ihe  long  wavelength  limit  of  virtually  all  of  these  gases  is  similar,  but  the  bubbles  with  xenon  yield 
1  decreasing  emission  as  2(X)  nm  is  approached.  The  broad  spectral  peak  exhibited  by  xenon  may 
3e  indicative  of  the  light-emitting  mechanism  but  it  may  also  be  due  to  an  enhanced  attenuation 
3f  the  UV  light  in  and  near  the  bubble  for  this  system.  The  spectral  density  of  a  xenon  bubble 
ncreases  slightly  in  the  ultraviolet  at  lower  drive  as  shown  in  Rg.  57.  The  spectrum  of  xenon  in 
ithanol  and  butanol  is  shown  in  Rg.  58  together  with  the  spectrum  of  an  ethane  bubble  in  water, 
^ig.  59  (Weninger  et  al.,  1995).  Aside  from  the  similarity  of  these  spectra  to  those  already  shown 


B.P.  Barber  et  aL/ Physics  Reports  281  (1997)  65-14} 


200  300  400  500  600  700  800 

Wavelength  (nm) 

Fig.  53.  Contcted  spectra  for  a  150  mm  bobble  of  heUum  in  water  at  various  temperatures. 
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Fig.  54.  Room  temperature  spectra  of  various  noble  gases  in  a  cyUndrical  -supraciP  resonator.  No  transmission  corrections 
have  been  used.  The  gases  have  been  dissolved  at  3  mm. 
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Fig.  55.  Freezing  point  spe^  of  various  noble  gases  in  water.  The  gases  have  been  dissolved  at  3  mm,  and  the  spe 
not  corrected  for  transmission. 
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Fig.  56.  Specimm  of  SL  for  various  gas  mixtures  dissolved  into  water  at  150  mm  and  7  =  24®C  Data  have  been  corrected 
via  use  of  Fig.  52.  Note  that  although  helium  is  dimmer  than  xenon  it  has  a  greater  spectral  density  in  the  ultraviolet 


it  is  noteworthy  that  the  Swan  lines  are  absent  (Suslick  and  Flynt»  1987).  These  are  lines  that  are 
emitted  by  excited  states  of  carbon  molecules. 

The  similarity  of  the  spectra  raises  the  possibility  that  each  spectrum  in  fact  has  the  same  shape, 
but  its  position  on  the  wavelength  axis  is  scaled.  Then  each  measurement  simply  displays  a  different 
window  of  the  same  spectrum.  In  this  case  one  can  ask  where  the  spectrum  of,  say.  He  at  lO'^C  would 
Teach  its  maximum  so  as  to  have  the  same  energy  as  xenon-doped  nitrogen  at  0*’C.  That  value  turns 
out  to  be  over  150  eV.  The  existence  of  such  energetic  photons  cannot  be  ruled  out  experimentally  * 

at  this  time,  because  a  technique  for  measuring  the  spectrum  beyond  the  cutoff  of  various  fluids  has 
not  yet  been  developed. 
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Rg.  57.  Spectrum  of  2%  xenon  in  nitrogen  dissolved  at  150  mm  showing  the  variaUon  of  the  spectral  density  with  drive 
level 
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Fig.  59.  Spcctnim  of  a  2  mm  ethane  bubble  in  water. 


9.  How  short  are  the  flashes? 

The  fastest  time  scale  for  sonoluminescence  is  more  than  ten  times  shorter  than  the  shortest  time 
scale  of  500  ps  (Barber  et  al.,  1997)  that  has  been  resolved  in  the  bubble  motion.  This  very  short 
time  scale  is  the  width  of  the  individual  flashes  of  sonoluminescence  (Barber  and  ^tterman.  1991). 
Fig.  60  displays  a  comparison  of  the  response  of  a  microchannel-plate  photomultiplier  tube  with  a 
rise  time  of  170  ps  to  a  flash  of  SL  and  a  flash  of  purple  light  ftom  a  34  ps  laser  pulser  (Barber  et  al.. 


Fig.  60.  Voltage  veisus  time  at  the  output  of  a  two-suge  miciochannel-pUte  phototnultipUer  tube  with  a  nse  time  of 
172  ps.  TTie  soUd  line  shows  the  response  to  SU  and  the  dashed  Une  is  the  respond  to  410  tun  piils«  of  M  ps  dutanon 
from  a  laser.  These  curves  correspond  to  the  recording  of  about  25  photoelectrons.  After  passing  tbroug  an 

20  dB  attenuator  a  single  photoelectron  corresponds  to  a  peak  amplitude  of  2  mV.  A  company  of 
that  the  flash  of  SL  is  shorter  than  50  ps  and  fiirth^re  the  faster  towards  zero  of  the  SL  signal  indicates  that  the 
laser  has  some  after-ringing.  The  reason  for  the  quick  turnoff  of  SL  is  unknown. 
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1992).  On  the  graph  the  rise-times  of  the  two  responses  are  indistinguishable.  Typically  the  measured 
rise  time  for  the  pulser  is  about  172  ps  and  for  SL  it  is  about  172-176  ps.  From  this  comparison  one 
can  set  an  upper  bound  of  50  ps  on  the  duration  of  the  flashes  of  SL.  It  is  interesting  to  note  that 
the  PMT  response  to  the  SL  flash  returns  towards  zero  more  rapidly  than  the  response  to  the  laser 
pulser.  This  occurs  because  the  turn-off  for  SL  is  clean  whereas  the  pulser  is  characterized  by  after 
ringing.  To  acquire  these  traces  one  must  face  the  difficulty  that  the  oscilloscope  requires  a  trigger 
that  is  20  ns  in  advance  of  the  signal  and  that  for  SL  there  is  no  such  advance  trigger.  To  overcome 
this  problem,  the  signal  from  the  photodetector  is  split  into  a  trigger  pulse  and  a  signal  pulse.  The 
signal  is  sent  through  a  high  bandwidth  delay  line  so  as  to  arnve  after  the  trigger.  The  average  of 
many  such  acquisitions  is  shown  in  the  figure. 

In  view  of  the  large  parameter  space  for  SL  it  would  be  valuable  to  have  a  means  of  resolving  the 
flash  width  and  measuring  its  value  in  various  situations.  To  this  end  a  streak  camera  should  be  able 
to  resolve  the  width  down  to  about  2  ps  (Barber,  1992).  There  are  two  ways  to  apply  this  device. 
One  is  to  collect  enough  light  so  that  a  single  sweep  catches  enough  photons  to  resolve  the  flash. 
The  difficulty  here  is  to  overcome  chromatic  aberration  or,  if  mirrors  are  used,  to  overcome  various 
geometric  distortions.  The  other  method  is  to  overlay  many  acquisitions.  Here  the  problem  faced  is 
that  the  camera  must  be  triggered  prior  to  the  arrival  of  the  light.  Now  it. is  the  light  and  not  an 
electrical  signal  that  must  be  delayed.  If  a  signal  is  recorded  at  the  resolution  of  the  camera,  it  is 
essential  to  distinguish  it  from  daric  noise  by  dispersing  it  in  time  with  a  prism  or  an  optical  fiber.. 
The  noise  will  not  disperse. ' 

If  enough  light  from  a  bubble  could  be  collected  so  that  the  flashes  could  be  resolved  by  a  streak 
camera,  then  it  might  be  possible  to  measure  a  time-resolved  spectrum  of  SL.  Such  data  would  show 
whether  the  UV  portion  of  the  spectrum  preceded  the  red  portion  and  would  thus  yield  important 
information  about  the  light-emitting  mechanism  and  the  energy  focusing  process. 

If  the  output  of  the  photodetector  is  sent  to  a  time  interval  meter  the  jitter  in  the  time  between 
flashes  of  light  can  be  measured  (Barber  et  al.,  1992).  As  shown  in  Fig.  61  the  standard  deviation  of 
the  time  between  flashes  is  shorter  than  50  ps,  which  in  fact  is  about  equal  to  the  stated  jitter  of  the 
instruments  used  to  measure  the  SL.  It  is  surely  remarkable  that  the  successive  supersonic  implosions 
which  generate  SL  should  occur  with  a  clock-like  precision  that  is  better  than  a  part  per  million  of 
the  imposed  acoustic  frequency.  For  reference,  the  quality  factor  of  the  sound  field  is  about  only  1000 
(Barber  and  Putterman,  1991). 

The  largest  SL  signal  measured  to  date  has  over  10’  photons  per  flash;  assuming  an  average  photon 
energy  of  5  eV  and  a  flash  width  of  50  ps  yields  a  peak  power  over  100  mW.  (The  conversion  factor 
of  1  joule  =  6.2  X 10'*  eV  is  useful.)  Although  ps  lasers  can  be  very  powerful,  a  cheap  UV  picosecond 
light  source  still  costs  over  $20000,  and  has  the  same  power  as  SL  which  can  be  built  for  $200. 

The  lowest  frequency  sound  field  for  which  SL  has  been  observed  is  in  the  audible  range  under 
10  kHz  (Barber  and  Putterman,  1991).  Due  to  the  processes  of  fluid  mechanics,  this  100  /iS  input 
period  results  in  the  emission  of  a  macroscopic  pulse  of  light  whose  duration  of  50  ps  is  shorter  than 
the  time  scales  that  are  resolved  in  high-energy  physics  experiments. 

It  was  our  measurement  (Barber  and  Putterman,  1991)  of  the  picosecond  flash  widths  and  syn- 
chronicity  that  fostered  general  interest  in  SL.  even  though  SL  had  been  discovered  over  50  years 

•  uj  ftis  critiiion.  Moran  et  iL  (1995)  measured  dait  noise  and  not  SL.  and  so  their  upper  bound  on  the  SL 

flashwidth  is  invilid 
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Fig.  61.  Histogram  of  events  versus  period  between  flashes  for  SL.  The  jitter  in  the  time  between  flashes  is  less  than  50  ps- 

carlier  by  Frenzel  and  Schultes  (1934).  In  their  apparatus,  clouds  of  cavitating  bubbles  were  gen¬ 
erated  by  sound  fields  more  intense  than  those  quoted  above.  These  bubbles  would  emit  light  in  a 
transient  and  unpredictable  fashion.  It  was  the  discovery  (Gaitan,  1990;  Gaitan  et  al..  1992)  that,  at 
least  for  air  in  water,  SL  could  be  obtained  from  a  single  bubble  by  degassing  the  water,  that  made  our 
synchronicity  (Barber  et  al.,  1992)  and  light-scattering  experiments  (Barber  and  Putterman,  1992) 
possible  and  facilitated  the  measurements  of  the  flash  widths  (Barber  and  Putterman,  1991).  The 
study  of  transient  SL  has  a  long  history  (Walton  and  Reynolds,  1984;  Lbfstedt,  1995;  Putterman, 
1995)  and  it  remains  to  be  seen  if  the  physics  of  each  bubble  in  the  Frenzel  and  Schultes  ^paratus 
probes  the  same  physics  as  a  single  bubble  trapped  at  a  velocity  node.  The  long  tum-on  time  for 
SL  from  a  single  bubble  (Fig.  35)  (Lofstedt  et  al.,  1995)  suggests  that  these  phenomena  are  quite 
different.  Nevertheless,  a  calibrated  spectrum  of  transient  SL  in  a  resonant  system  has  not  yet  been 
taken.  The  spectral  lines  observed  in  transient  SL  (Suslick  and  Flynt,  1987;  Verrall  and  Sehgal,  1987; 
Matula  et  al.,  1995)  might  be  due  to  a  fundamental  difference  between  transient  and  synchronous  SL 
(Crum,  1994)  or  perhaps  to  electrical  discharges  initiated  by  the  tip  of  the  cell  disniptor  that  drives 
the  fluid.  The  apparatus  of  Frenzel  and  Schultes  (1934)  was  designed  to  avoid  this  ambiguity  but, 
unfortunately,  they  abandoned  this  line  of  research  after  their  first  paper. 


10.  What  is  the  light-emitting  mechanism? 

The  transduction  of  sound  into  light  was  coined  ‘‘sonoluminescence”  by  Harvey  (1957).  The 
reason  for  the  use  of  the  ending  “luminescence^  dates  back  to  Wiedemann  (1889).  who  defined 
luminescence  as  cold  light,  in  contrast  to  hot  light,  such  as  fire.  Instances  of  cold  light  included  such 
long-established  discoveries  as  light  from  frictional  electricity  (Reibungselekxrizitdtsluminescenz)  and 
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electricity  and  SL  is  shown  »"  J‘8-  •  of  Sertion  2.  The  line  spectnim  is  emitt^  by 

trapped  in  a  sound  field  according  to  p  a,mnrnhere  at  a  pressure  of  75  mm  (Budakian  et 
the  friction  of  against  m  a  calling  SL  stands  in  strong  contrast  to  the 

al.,  1996).  The  broadband  nature  of  wha  factional  electricity.  Indeed,  the  absence  of  lines 

very  bright  spectral  lines  of  *c  3„d/or  very  Stressed  so  that  the  comparison 

in  SL  strongly  suggests  that  the  SL  bubble  i  wonder  if  in  fact  SL  is  a  thermal 

with  other  luminescence  phenomena 

phenomenon  and  if  its  correct  nme  w  .  naturally  seek  to  interpret  the  featureless  spec- 

Explanations  of  the  light-emitting  mech^ism  w-ckbodv  radiation  if  the  radiation  and  matter 
tnim  in  terms  of  emission  from  a  hotspot.  accelerating  unbound 

are  in  near  equilibnum  (Noltingk  an  'PP  ’  .  ^  ionized  yet  sufficiently  rarified  so  as  to  be 

electrons  if  the  light-cmttting  "S'®" f  j  JJ3)  ®^oth^r  candidaL  mechanism,  chemiluminescence, 
transparent  to  radiation  (Wu  “a  h^^  (Griffing.  1952). 

originates  in  molecular  dissociation  an  collaose  (Eqs  (5),  (7))  can  produce  temperatures 

The  adiabatic  heating  which  Since  1  eV  is  about 

of  about  5000  or  10000  K  “  cgnerally  rising  at  6  eV  (200  nm).  it  spears  that  adiabatic 

12000  K  and  since  the  spectrum  of  SL  is  "  S  ^  sufficiently  to  explain 

heating  could  lead  to  some  light  ^nus^*^  ^rigSTn^ation  0917)  of  the  spherically 

irai 
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^/Fig.  63.  Sketch  of  an  imploding  shock  wave  model  of  SL.  The  shock  is  launched  by  the  supersonic  motion  of  the  bubble 
wail.  The  radius  of  the  gas  water  interface  is  R  and  the  radius  of  the  shock  is  Rs.  The  shock  first  implodes  to  a  focus  and 
then  explodes.  This  figure  depicts  the  state  reached  about  100  ps  after  focusing. 

shock  moves  towards  the  origin  its  strength  increases  until  it  becomes  so  strong  that  there  exists  a 
similarity  solution  to  the  Euler  equations  (i.e.  the  non-dissipative  limit)  of  fluid  mechanics.  In  this 
case  £q.  (1)  and  (2)  must  be  supplemented  with  (Landau  and  Lifshitz,  1987) 

j^+vVs  =  0  (44) 

where  s  is  the  entropy  per  gram,  and  effects  of  viscosity  in  (3)  are  neglected.  In  spherical  coordinates, 
Jhese  radially  symmetric  equations  are 


dp  dpv  2pv 
dr  r 


dl  ^  Sr  ^  p  dr 


=  0, 


(45) 

(46) 

(47) 


where  v  is  the  radial  component  of  the  velocity,  and  the  last  relation  expresses  the  conservation  of 
the  entropy  of  a  polytropic  gas.  The  similarity  solution  is  obtained  by  assuming  that  the  shock  radius 
takes  the  form  (Guderley,  1942) 


R.  =  A(-r)- 


(48) 
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where  time  is  measured  from  the  time  of  the  convergence  of  the  shock,  and  A  is  the  “launch" 
condition  of  the  shock,  which  couples  the  shock  to  the  bubble  motion.  A  simil^ty  sdution  is  then 
sought  in  the  variable  f  =  r/R,(»),  such  that  v  =  (ar/r)i;(f ).  p  =  ).  and  f  -  )c^(f). 

The  solution  yields  an  exponent  a  of  0.72  in  air  and  0.69  for  noble  gases.  Since  the  exponent  is 
less  than  unity,  the  Mach  number  of  the  shock  which  goes  as  M  =  K  ^omes  ii^nitely  large  as  the 
shock  implodes  towarf  the  origin.  The  temperature  immediately  behind  the  front  >s 

given  by  Tin  ~  A/'-  However,  when  the  shock  converges  on  the  ongin  it  explodes  from  the  ongin 
with  the  same  similarity  solution.  TTius  the  gas  which  was 

shock  front  now  finds  itself  in  front  of  the  shock  front  again.  As  the  shock  passes  ^rough  these 
particles  a  second  time,  there  is  another  burst  of  heating 

by  the  exploding  shock  wave  now  goes  roughly  as  Tjn  ~  M  (Barber  et  7.^7,^  ^ 

approximation  for  the  purpose  of  dimensional  analysis  si^.  even  though  ““‘'"i! 

laws,  the  exploding  shock  is  not  strong.)  The  energy  focusing  ability  of  the  shexk  front  in  this 
model  is  thus  controlled  by  the  extent  to  which  the  shock  wave  is  stable  upon  implosiori. 
imploding  shock  gets  stronger  as  it  approaches  the  origin,  the  simi lanty  solution,  valid  in  the  hm.t 
of  high  ^plitude  always  applies  eventually.  Tlie  same  form  of  soluuon  even  works  for  a  van  der 
Waals  gas  (Wu  and  Roberts.  1994),  but  is  invalidated  when  ionization  effwts  l^ome  importMt. 

Detemination  of  the  launch  condition.  A,  connects  the  imploding  shock  solution  to  a  particular 
bubble  motion.  TTiis  condition  can  be  estimated  by  the  (nonrigorous) 
the  concept  of  characteristics  (Landau  and  Lifshitz,  1987).  Consider  for 

launched  by  the  bubble  wall  into  its  interior  when  its  radius  passes  through  R.  The  locauon  of  this 
characteristic  at  time  t  is  A(P.  t)  and  its  motion  is  described  by 

l^«-[c,(P)  +  l)^(i?)l]| 

where  the  velocity  of  the  characteristic  is  the  speed  of  sound  in  the  gas  plus  the  JJ^d^Srional  ' 
the  bubble  wall,  and  is  adjusted  by  the  amplification  factor  1/A.  appropriate  to  a  three-dimensional 
disturbance  as  it  approaches  the  origin.  This  characteristic  reaches  the  ongin  in  a  time 

r(R)  =  R/2[c,(A)+A(R)l. 

nie  time  for  the  bubble  wall  itself  to  collapse  from  R  to  0.  for  an  ideal  gas  equation  of  state  is 

(51) 

T(/?)  =  \Rlk 

where  for  R  <  Rj2,  k  is  given  by  (14).  One  possible  criterion  for  shock  formation  is  that  there 
exists  an  R  such  that  t{R)  -  t(R),  or 

A(A?o)  ^ 


so  when  A(J!o) Uo  ~  1  this  criterion  yields  R  =  Ro/4.  If  one  restricts  R  to  the  ranp  =  7. 

the  ideal  gas^uation  of  state,  then  R  >  Ro/S  criS/a  (such 

The  smallest  «pansion  ratio  at  which  SL  has  been  observed  is 

as  characteristics  crossing)  for  shock  formation  are  Jlso  possible.  A  T^P^^^Ss  and  that  the 
that  the  shock  appears  about  100  ps  before  the  bubble  reaches  .its  minimum  radius  an 
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shock  forms  at  1/2  the  radius  of  the  bubble  when  the  bubble  wall  is  collapsing  at  4-5  times  the 
ambient  speed  of  sound  (Wu  and  Roberts,  1993,  1994).  In  each  case  the  dimensional  analysis  and 
the  brute  force  calculation  lead  to  Eq.  (21)  as  being  not  only  the  criterion  for  shock  formation  but 
also  the  criterion  for  SL.  So  we  will  adopt,  for  the  estimate  of  A,  the  criterion  that  the  bubble  wall  is 
collapsing  at  the  speed  of  sound  when  it  is  passing  through  its  ambient  radius.  In  this  case  (Barber 
et  al.,  1994) 

Rs-Ro{~f/h)“t  to  =  aRo/co  (53) 

and  in  terms  of  the  Mach  number 

Af=|toAr-“  (54) 


one  can  estimate 

/?,~Ro(l/A/)"/“-’.  /,'-(a/?oAo)(l/Af)''“-“’  (55) 

where  t,  is  the  time  scale  for  the  shock  to  have  a  radius  smaller  than  /?,.  For  M  =  4.3  and  Rq  s=  4.5 
fim,  these  scaling  relations  yield  7  =  10^  K,  =  0.15  ftm  and  tj  =  100  ps.  For  A/  =  24  these  scaling 
relations  yield  =  30  A,  t,  =  0.3  ps  and  7  =  10*  K  (which  would  be  hot  enough  for  fusion  if  it 
happened  in  a  deuterium  bubble!  (Barber  et  al.,  1994)).  Whether  the  shock  can  maintain  itself  down 
to  such  incredibly  small  radii  remains  to  be  seen.  It  should  also  be  emphasized  that,  in  contrast  to 
the  bubble  wall,  the  shock  surface  has  not  yet  been  experimentally  detected. 

The  temperatures  reached  by  the  shock  heating  suggest  that  the  gas  in  the  bubble  forms  a  dense 
ionized  region.  The  free  electrons  released  by  the  heating  will  accelerate  and  radiate  light  as  they 
collide  with  the  ions.  The  Bremsstrahlung  so  generated  has  a  spectral  density  per  unit  wavelength  A, 
per  unit  volume  per  second  given  by  (Giasstone  and  Lovberg,  1960) 


dA 


1677^e*n,n,- 


cxp(— hc/Aitj7) 


(56) 


where  e,  are  the  electron  charge  and  mass,  n„  rii  are  the  density  of  free  electrons  and  ions,  and 
c  is  the  speed  of  light.  If  we  assume  that  the  light  is  emitted  during  an  interval  of  time  r,  from  a 
region  with  radius  R^  and  a  temperature  determined  by  the  Mach  number,  we  find  for  the  light  energy 
radiated  per  flash  (per  unit  wavelength  A) 


dA 


X  A/2(  1/Af )<’"+'>/<'-"> exp(-Ac/AJfc,r) 


(57) 


where  N  is  the  total  number  of  atoms  in  the  bubble  and  n  is  their  density  in  the  region  of  the  shock 
front,  is  the  ratio  of  the  thermal  electron  velocity  to  the  speed  of  light,  a,  is  the  Bohr  radius, 
q  ~  n,/n  is  the  degree  of  ionization,  and  for  the  ideal  gas  the  maximal  compression  is  n  s  145no.  For 
9  a  good  estimate  is  obtained  from  Saha’s  equation  of  state  (Feimi,  1936) 


(f/{\  -  q)  «  10-‘’r’/»exp(-A'/ka7') 


(58) 
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where  x  JS  the  ionization  potential  and  the  prefactor  T  is  given  in  kelvin.  The  measured  light  (A  >  200 
nm)  is  dominated  by  temperatures  above  10*  K.  So  if  one  substitutes  the  corresponding  M  =  4  into 
(57)  and  notes  that  the  degree  of  ioniztion  is  almost  unity  (so  that  n,  =  n,  =  n)  one  finds  that 
the  total  radiated  energy  per  flash  is  about  10’  eV  in  rather  good  agreement  with  experiment.  In  a 
more  precise  analysis,  a  van  der  Waals  equation  of  state  would  be  used  for  this  calculation.  Beyond 
that,  one  would  employ  equations’  of  state  that  are  themselves  corrected  for  the  degree  of  ionization. 
Finally,  corrections  to  the  Bremsstrahlung  formula  to  account  for  the  posibihty  that  SL  originates 
from  a  dense  cold  plasma  should  be  considered. 

Since  the  SL  light  emission  occurs  as  a  (mathematical)  singularity  is  fomimg.  any  transj^rt  ^ess 
which  a  theorist  chooses  to  incorporate  in  this  model  can  affect  the  result  (Moss  et  al..  1994;  Kondic 
et  al.,  1995;  Vuong  and  Szeri,  1996).  A  closely  related  model  ascrib«  the  i^.ation  to  chants  ,n 
molecular  dipole  moments  that  are  induced  by  colhsons  (Frommhpld  and  Atchley,  1994).  These 
effects  however,  would  be  suppressed  in  pure  noble  gas  bubbles.  . ,  .  -  , 

The  launch  of  a  shock  wave  by  the  Rayleigh-Plesset  bubble  dynamics 
Bremsstrahlung  radiation  from  the  hot  ionized  contents  is  the  most  cornplete  c^didate  m^el  of 
SL.  This  modfl,  however,  is  far  from  satisfactory.  It  requires  a  number  o  key  physical  inputs  such 
as  the  acoustic  drive  level  and  ambient  radius  {P.  and  R,)  at  which  bubbles  give  SL  “d  additional 
physical  inputs  are  required  in  order  to  determine  the  minimum  radius  attained  by  the  shock.  Further- 
more,  it  does  not  address  compelling  yet  simply  stated  mysteries,  such  as  why  pure  diatomic  gases 

the  light-emitting  mechanism  is  that  it  is  relatively  ® 

T  magnetic  field  (Young  et  al..  1996).  Even  though  the  cyclotron  radius  of  100000  K  electrons  is 
oj  tim,  which  is  close  to  the  minimum  bubble  radius,  and  the  cyclotron  penod  is  ^  P*’ ^  ^  " 
shorter  than  the  current  bound  on  the  flashwidth.  in  first  approximauon  SL  ap^  to  be 

According  to  (56).  Planck’s  constant  determines  the  high  energy  cutoff  in  B^mss  rjlung 
spectrum.  Since  the  spectrum  beyond  the  cutoff  of  water  has  not  yet  beeri  observed,  the  val^ity  of 
tWs  term  has  not  been  checked.  Thus  the  shock  wave-Bremsstrahlung  model  lies  ‘j' 

range  of  classical  mechanics  and  there  still  remains  the  exciting  issue  of  whether  Pl^ck  *  “"**“‘ 
wilf  play  a  role  in  a  phenomenon  initiated  by  classical  acoustics!  In  this  direction  099  ) 

proposed  that  the  change  in  electromagnetic  zero  point  energy  brought  about 
gaswus  cavity  would  show  up  as  radiation.  The  “spectrum”  of  zero  point  energy  in  a  volume  V  near 

wavenumber  k  is 

(59) 

d£t  =  i/idkVd*k. 

Due  to  a  iump  in  the  index  of  refraction  n  at  the  bubble  interface,  the  collapsing  wall  sw®®P* 

motion  which  to  b«omes  obsmvahlc.  Th.  «.  of  toge  of  .ho  to  pom. 

energy  of  water  plus  bubble  is  then 
df  dA  A*  dr 

Although  the  power  law  spectrum  has  similarities  to  SL.  this  source  of  enerp  * 

Sm  whTme  to  onSig.  of  voiomo  is  .  toto  oTurSot  W 

In  contrast,  the  rate  of  change  of  the  surface  is  a  maximum  at  the  moment  of  light  emis 
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aiiempts  to  inlcqjrct  SL  in  terms  of  Unnih  radiation  from  the  surface  (Eberlein,  1996;  Knight,  1996) 
yield  powers  that  are  too  small  by  many  orders  of  magnitude. 

Another  light  emitting  mechanism  that  has  been  proposed  is  an  electronic  discharge  from  charge 
separation  inside  a  plasma  (Lepoint  ct  al.,  1996).  This  picture  is  reminiscent  of  “ball  lightning” 
(Kapitza,  1956).  Also,  SL  has  been  connected  to  triboelectric  phenomena  via  a  postulated  cracking 
of  a  solid  gas  shell  that  forms  on  the  bubble  wall  (Hickling,  1994)  and  by  the  “cracking”  of  the 
water  by  a  supersonic  jet  launched  by  the  collapsing  bubble  (Prosperetti,  1996).  The  value  of  these 
various  models  will  be  judged  based  upon  their  ability  to  make  falsifiable  predictions. 


11.  How  spherical  is  the  collapse? 

One  of  the  defining  characteristics  of  electromagnetism  is  that  spherically  symmetric  accelerations 
of  charge  distributions  do  not  radiate  (Ehrenfest,  1910;  Stratton,  1941).  Yet  among  picosecond  light 
sources  sonoluminescence  is  unique  in  that  the  flash  intensities  are  uniform  over  a  spherical  shell  and 
furthermore  this  light  originates  from  a  region  that  is  smaller  than  its  wavelength.  Based  upon  these 
observations  it  is  clear  that  a  probe  of  possible  angular  correlations  in  SL  would  help  to  characterize 
the  properties  of  this  light  source  and  possibly  shed  light  on  the  light-emitting  mechanism.  Although, 
we  have  observed  dipole  components  that  reach  10%  of  the  total  emitted  intensity  (Weninger  ct  al., 
1996),  they  can  be  interpreted  as  being  due  to  the  lefraction  of  light  by  a  nonspherical  bubble  wall 
that  separates  the  hot  gas  near  the  center  of  the  bubble  from  the  surrounding  host  liquid.  According 
to  this  interpretation,  angular  correlations  in  SL  provide  a  diagnostic  for  the  sphericity  of  the  bubble 
collapse  (and  therefore  they  do  not  reflect  the  light-emitting  mechanism).  Since  a  more  spherical 
collapse  is  more  violent,  this  diagnostic  should  prove  to  be  useful  in  attempts  to  reach  higher  levels 
of  energy  concentration  with  sonoluminescence. 

These  correlations  were  measured  with  multiple  photodetectors  as  a  function  of  their  observation 
angle  (Weninger  ct  al.,  1996).  The  angular  dependence  in  the  intensity  of  SL  is  characterized  by  a 
non-zero  value  of  the  correlation, 

-  SaIIGbO)  (61) 

as  a  function  of  the  angle  formed  by  the  detectors  “A"  and  “B"  and  the  bubble  which  is  reckoned 
to  sit  at  the  vertex.  In  Eq.  (61),  Ga(«)  is  the  total  charge  recorded  in  detector  A  on  the  rth  flash, 
Ga  is  the  running  average  of  Ga(0  and  { ),•  denotes  an  average  over  i.  In  addition  to  tubes  A  and  B 
there  is  a  trigger  tube  which  monitors  the  SL  so  as  to  gate  a  digital  oscilloscope  which  then  acquires 
the  tube  outputs.  From  the  data  generated  by  1000  flashes,  the  average  and  the  correlation  (61)  are 
calculated.  Twenty  such  data  sets  generate  a  “result"  and  the  average  and  standard  deviation  of  3 
results  generate  the  plotted  point  and  "error"  bar  at  each  angle.  As  experimental  configurations  were 
varied,  the  signal  recorded  in  each  photombe  ranged  from  5-8  photoelectrons  per  flash  of  SL. 

The  solid  line  in  Fig.  64  displays  the  angle  dependent  correlation  that  is  observed  in  most  runs.  It 
can  be  attributed  to  a  dipole  component  in  the  detected  photon  field.  If  Ha  is  the  fraction  of  solid 
angle  subtended  by  detector  A,  and  Nt  and  No  are  the  numbers  of  phototts  arriving  isotropically  and 
^  a  dipole,  then  the  total  number  of  photons  to  strike  the  detector  is 
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ancle  e*,  (DECREES) 


of  light  at  the  gas-fluid  interface  of  the  bubble  then  the  elUpdcity  of  the  bubble  in  the  sute  with  large  fluctuauons  u  a  u 
20%.  The  sine  wave  fit  is  0.001(1  +  3cos^). 


Wa(0  -a(Ni  +  3A/d cos^Bu) 

(and  similarly  for  B).  where  is  the  angle  between 
detector  A.  If  one  assumes  that  over  time  there  is  no 


(62) 

the  direction  of  the  dipole  on  flash  i  and  the 
preferred  direction,  then  a  physical  dipole  of 


strength  Np  leads  to  the  correlation 


AA/xa  = 


l[NAii)-f^AnNBU)-f^B])i 


“  NaNb 

which  upon  substitution  of  (62)  yields 


A^a.= 


(Ni  +  Np)^ 


(1  +  |cos2dA«)- 


0  according  to  the  sine  wave  fit  to  the  dau  in  Fig.  64.  this  observed  field  has  a  dipolar  component. 

'  r<i.«n»ne  wh«her  the  iipole  is  due  »  ^^■»“l>»ism  wh^  '’il'SSS 

■  /.Anv^Tted  into  Heht  we  measured  the  correlation  (61)  as  a  function  of  the  time  delay  At  wwm 
•  •  •  •  ti  Kt-c  A  and  B  fWenincer  et  al  1996).  In  the  case  that  the  dipole  is  due  to  the  ligh  - 

.QAB(^t)  has  a  long  memory,  about  equal  to  the  free  decay  Ume  of  the  sound  field. 
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Fig.  65.  The  correlation  of  an  SL  flash  in  tube  A  with  flashes  in  tube  B  at  a  later  time.  The  time  delay  A;  =  nT#,  where  n 
is  an  integer  and  Tc  is  the  acoustic  period.  The  long-term  memory  of  the  dipolar  component  is  comparable  to  the  lifetime 
of  the  driving  sound  field.  Typical  quality  factors  for  these  sound  fields  range  from  500-1500. 

This  long  time  decay  of  the  angle-dependent  correlation  indicates  that  the  dipole  component  is  due 
to  some  aspect  of  the  hydrodynamic  motion.  Such  motions  rearrange  themselves  on  the  same  time 
scale  for  which  the  sound  field  changes.  The  various  possibilities  include  (I)  jitter  in  the  location 
of  the  bubble,.  (2)  bending  of  the  emitted  light  by  the  sound  field  in  the  bulk  of  the  fluid,  and  (3) 
refraction  of  the  SL  rays  by  the  surface  of  a  non-spherical  bubble.  Jitter  gives  the  wrong  sign  of 
correlation  and  the  effect  of  ray  bending  is  too  small  since  it  goes  as  the  Mach  number  of  the  sound 
field  in  the  water  squared. 

The  simplest  explanation  of  the  measured  angular  correlation  is  in  terms  of  refraction,  by  the 
nonspherical  bubble  wall,  of  light  that  is  emitted  uniformly  from  a  point  source  within  the  bubble’s 
interior.  Fig.  66  shows  how  light  from  a  point  source  would  be  refiacted  by  passage  through  an 
elliptical  boundary  in  the  ray  optics  limit.  For  an  interface  where  the  index  of  refraction  jumps  from 
1.0  (on  the  gas  side  of  the  bubble’s  surface)  to  1.35  (in  water),  a  1%  dipolar  component  would 
require  a  20%  ellipticity.  (We  define  ellipticity  as  a/b  —  1  where  c  and  b  are  the  major  and  minor 
axis,  respectively.)  For  demonstration  purposes  Fig.  66  was  constructed  for  a  jump  in  the  index  of 
refraction  from  1.0  to  2.0  and  a  ratio  of  major  axis  to  minor  axis  of  2, 

Another  insight  into  the  origin  of  these  correlations  is  provided  by  the  observation  that  in  some  runs 
the  dipole  component  vanishes,  as  shown  by  the  dashed  line  in  Fig.  64.  According  to  Fig.  67  these 
s^ies  arc  in  one  to  one  correspondence  with  narrow  pulse  height  distributions.  The  time  record  and 
histogram  of  SL  flash  intensities  indicates  that  the  state  with  a  7%  dipolar  component  (and  ellipticity 
of  20%)  has  over  an  order  of  magnitude  more  spread  in  flash  intensities.  (The  spread  is  defined 
as  the  maximum  divided  by  the  width  at  half  maximum.)  For  the  state  with  a  narrow  pulse  height 
distribution  the  dipole  component  (as  determined  by  a  least  squares  fit)  is  1%,  which  corresponds  to 
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far  field. 

rSSpSS'SEi'HS 

^''comrofoVthe  k^p^iicte^which  determine  whether  the  collapse  is  elliptic^  has  been  “ 

i_  <*  It  •  «n/^  nitf  nf  this  state  Various  candidate  parameters  are  imperfections  in  the  s 

By  inserting  colored  glas  ^  loo/^'i  Ficr  68  shows  the  angular  correlation 

(Barber  and  Putterman.  1W2).  fHanburv-Biown  1974).  filtered  light  from  ar, 

■  toiansily.  TOs  «ff«  l>“  to"  g 

incoherent  ^  component  in  these  broadband  measurements  is  «nde« 

LTT  ^h^"y  of  rco“  t.,  Z,  -his  »u.ce  Of  co^bdoo  .ill  have  K,  he  noaho^i 
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Fig.  67.  Fluctuations  in  SL  intensity  for  states  with  large  and  small  dipolar  components.  Time  records  are  displayed  in  (A). 
(B)  and  the  pulse  height  distributions  are  compared  in  (C).  The  sound  field  has  a  frequency  of  26.4  kHz,  and  the  detectors 
each  record  an  average  of  5  photoelectrons  per  flash.  The  time  constant  for  binning  is  10  ms. 


eliminated  in  an  attempt  to  apply  H6T  to  SL  (Trentalange  and  Pandey,  1996). 

The  observed  dipole  in  the  light  emission  provides  a  probe  of  the  degree  of  nonsphericity  of 
the  collapse.  Ellipticity  is  the  leading  order,  quadrupolar,  form  of  a  convolution  instability.  Such 
instabilities  have  also  been  studied  with  regard  to  bubble  (Hesset  and  Mitchell.  19S6;  Prosperetti, 
1977;  Lofstedt  et  al.,  1995;  Brenner  et  al..  1995)  and  shock  wave  motion  (Wu  and  Roberts,  1996a, 
1996b)  and  inertial  confinement  fusion  (Budil  et  al.,  1996).  For  bubble  motion  the  convolutions  are 
expanded  in  terms  of  spherical  harmonics  so  that 


(64) 

m2 

Requiring  that  pressure  and  velocity  be  continuous  ^  the  surface  of  the  bubble  yields  to  linear  order 
in  the  amplitudes  of  convolution  fl(/)  (Prosperetti,  1977) 
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(65) 


where  the  bar  has  been  dropped  from  R.  This  equation  has  the  form  of  a 

cornnH  order  linear  differential  equation  with  coefficients  that  axe  penodic  functions  of  ti 

^  the  short  time  scale,  one  can  ask  if  this  equation  develops  an 

insubility  which  leads  lo  the  rapid  growth  of  a  convololion  during  one  eyde  of  the  JJ? 

and  the  Matthieu  type  instability  for  the  non-SL  bubble. 

'  *um  kaiKKU  tft  R  the  erowth  is  approximately  linear  and  ait)  decreases  ^ 
expansion  of  the  bubble  to  me  growui  u  ^  ^  ^  r  j?  //?)»/^  (Plesscl 
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R^Ra]  + 


- 2 - 


(66) 


where,  as  mentioned,  viscosity  has  been  neglected.  Since  R  is  negative  during  the  collapse  (see  fig. 
12),  the  motion  in  the  potential  well  of  the  Hamiltonian  is  stable,  and  the  (factor  of  3)  magnification 
of  a  is  due  to  the  scaling  of  the  effective  mass  and  the  potential  through  R  in  the  spherical  geometry. 
Following  the  collapse,  the  bubble  is  motionless  at  )2o  for  half  the  acoustic  cycle.  During  this  part  of 
the  cycle  convolutions  decay  due  to  the  viscosity  which  we  now  include  (Prosperetti,  1977) 

fl»(0  =  aK)COs(«»,r  +  5o)e~"  •  (67) 


where 

,  :(/-!)(/+ l)(/  +  2)<r  (/+2)(2/+l)i/ 

- - •  - - w. — • 

In  particular,  the  time  constant  for  a  quadnipolar  perturbation  to  decay  for  a  bubble  motionless  at 
Rq- A  fim  is  less  than  1  /xs  which  is  very  short  when  compared  to  this  15  /xs  portion  of  the  acoustic 
cycle.  So  we  conclude  that  during  any  given  cycle,  i.c.  from  flash  to  flash,  harmonic  convolutions 
do  not  build  up  (Ldfstedt  et  al.,  1995).  The  upper  threshold  of  SL  is  due  cither  to  some  other 
hydrodynamic  instability  or  to  an  event  occurring  at  the  moment  of  collapse  which  is  not  describable 
by  the  hydrodynamics.  ^ 

The  decay  rate  oro  =  vq/RI  (where  is  the  ^bient  kinematic  viscosity  of  the  gas)  for  acoustic 
energy  stored  inside  the  bubble  is  also  on  the  order  of  a  microsecond.  When  other  sources  of  damping 
such  as  acoustic  radiation  and  bulk  viscosity  are  included  this  time  becomes  even  shorter.  Therefore, 
there  no  usable  energy  is  stored  inside  the  bubble  during  a  cycle,  in  contrast  with  a  recent  suggestion 
(Brenner,  Hilgenfeldt,  et  al.,  1996). 

Fig.  69  shows  the  standard  deviation  in  light  scattering  from  a  collapsing  bubble  of  1%  xenon  in 
oxygen.  Note  that  for  a  given  radius  (a  given  average  signal)  the  standarf  deviation  after  the  collapse 
is  larger  than  before  the  collapse.  This  can  be  interpreted  as  due  to  the  generation  of  a  convolution 
in  the  bubble  as  a  result  of  the  crash.  Depending  upon  the  orientation  of  the  convolution  relative  to 
the  laser,  systematic  variations  in  the  scatter  can  occur  which  would  not  be  present  for  a  spherical 
bubble.  Since  a  macroscopic  theory  that  connects  the  bubble  motion  before  and  after  the  collapse 
has  not  yet  been  developed,  this  ringing  convolution  cannot  be  derived.  Nevertheless  this  bubble  is 
stable  and  so  this  convolution  dies  out  before  the  next  cycle,  consistent  with  the  above  analysis. 
These  collapse  induced  shape  oscillations  are  not  observed  in  all  bubbles  (e.g.  air).  Another  type  of 
asphericity  that  occurs  in  a  collapsing  bubble  is  the  formation  of  a  jet  (Kbmfeld  and  Suvorov,  1944; 
Kling  and  Hammit,  1972;  Lauterbom  and  Bollc,  1975;  Crum,  1979).  The  possible  role  of  jets  in  SL 
has  been  proposed  by  Longuet-Higgins  (1996)  and  Prosperetti  (1996). 


^The  shape  instabilities  derived  by  Brenner  et  al  (1995)  and  Hilgenfeldt  et  aL  (1996)  resulted  from  the  use  of  a 
coefheiem  of  damping  which  is  much  smaller  than  that  given  by  Eqs.  (65),  (68).  Their  unphysical  damping  term  is  due 
to  the  applicaUon  of  an  asymptotic  expansion  beyond  its  range  of  validity  (Roberts  and  Putterman,  1996).  It  remains  to 
be  seen  whether  SL  is  affected  by  non-RT  sources  of  shape  instability  such  as  jets,  bubble  pinch-off.  anomalous  diffusion, 
or  resonator  imperfections.  We  regard  Eq.  (65)  as  being  consistent  with  Lamb  (1945),  Prospcfetti  (1977),  and  Prosperetti 
*nd  Seminara  ( 1978),  for  subsonic  bubble  motion. 
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Fig.  69.  Standaid  deviation  in  the  intensity  of  light  scattered  from  a  bubble  near  the  moment  of  light  emission.  The  avenge 
value  detennines  the  radius,  and  the  bar  determines  the  standard  deviation  in  a  given  500  ps  bin.  (Note  that  the  standaid 
devUtion  of  the  mean  is  down  by  about  a  factor  of  8  from  the  plotted  values.)  The  larger  standaid  devUtion  after  coUapse 
can  be  interpreted  as  due  to  nonspherical  bubble  oscillations  whose  orientation  relative  to  the  laser  varies  from  shot  to  shot 
For  some  gases  the  standard  deviation  does  not  increase  as  a  result  of  the  collapse.  These  dau  were  taken  for  1%  xenon  in 
oxygen  at  150  mm. 


12.  How  controllable  are  experiments  on  sonoluminescence? 

There  are  two  cultures  of  sonoluminescence.  One  culture,  which  includes  the  theorists,  is  intrigued 
by  the  picosecond  timesc^es,  the  energetic  spectrum,  the  upper  and  lower  thresholds,  and  the  effect 
of  doping  with  a  noble  gas.  There  is,  however,  an  experimental  culture  that  expends  substantial  effort 
on  the  critical  yet  apparently  disjoint  issue  of  controlling  this  phenomenon.  In  this  direction  it  can  be 
said  that  we  do  not  yet  know  the  complete  set  of  experimental  parameters  that  must  be  controlled  so 
as  to  render  experiments  on  SL  reproducible  from  lab  to  lab. 

First  on  this  list  of  challenges  is  the  acoustic  resonator.  Our  best  resonator  to  date  has  been  custom 
made  by  GM  from  GE  quartz.  We  have  worked  with  four  such  spheres  each  of  which  has  a  sphericity 
accurate  to  one  percent.  Three  of  these  spheres  have  produced  the  most  stable  reproducible  SL  that 
we  have  measured.  The  fourth  looks  identical  in  every  way  to  the  other  three  yet  it  produces  a  lousy 
acoustic  resonance  and  even  for  air  in  water  the  SL  signal  is  highly  unstable.  Also  the  tenden^  of  an 
SL  bubble  to  walk  off-center  as  the  drive  level  is  increased  varies  from  resonator  to  resonator.  Perhaps 
the  appearance  and  dis^pearance  of  the  dipole  component  is  also  connected  with  the  input  “ousucs. 
Clearly  slight  variations  in  the  acoustical  properties  of  the  resonator  can  be  critical.  Substantial  eflort 
have  been  expended  on  “resonator  technology":  the  next  efforts  will  include  metallic  resonators  witn 

'^^Aluiough  water  is  the  friendliest  fluid  for  SL  it  presents  unique  difficulties.  When  pure  19  ^ 

water  from  the  still  comes  into  contact  with  air  its  resistance  drops  before  your  eyes  as  it  dissoi 
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Fig.  70.  Waterfall  plot  of  a  150  mm,  1%  xenon  in  nitrogen  bubble  in  water  with  photoflow  solution  dissolved  into  the  water 
at  a  concentration  of  1  /500.  The  photoflow  goes  to  the  bubble  interface  and  changes  the  surface  tension  so  that  the  bubble 
dynamics  is  affected.  In  paiticular  the  smaller  bubbles  reach  a  higher  expansion  ratio. 


200  300  400  500  600  700  800 

Wavelength  (nm) 


Fig.  71.  Spectrum  of  a  deuterium  bubble  in  heavy  water  as  a  function  of  time  from  preparation  of  the  3  mm  solution.  The 
drift  is  due  to  an  air  leak  either  from  the  outside  or  outgassing  from  the  KTV  seals  on  the  cylindrical  resonator. 

grime  from  the  air.  Within  a  few  minutes  the  resistance  is  down  to  5  MH  cm  and  the  effective 
damping  and  surface  tension  have  been  likewise  ^ected.  An  example  of  how  surface  tension  can 
change  the  bubble  dynamics  is  shown  in  Fig.  70,  which  .was  taken  for  a  1%  xenon  in  nitrogen  bubble 
at  150  mm  with  commercial  photoflow  dissolved  into  the  water  at  a  concentration  of  1/5000.  The 
difference  with  Fig.  33  (no  photoflow)  is  apparent  It  would  be  interesting  to  cany  out  SL  in  a  clean 
anvironment  so  as  to  achieve  the  lowest  viscosity  and  highest  surface  tension,  peAi^s  leproducibly. 

Small  gas  leaks  have  a  dramatic  effect  on  the  properties  of  SL.  Shown  in  Fig.  71  is  the  time 
dependence  of  the  spectrum  of  what  we  prepared  to  be  a  hydrogen  bubble  in  heavy  water.  We  do  not 
know  whether  the  leak  is  from  the  outside  or  whether  it  is  due  to  outgassing  KTV  seals.  This  drift 
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Fig.  72.  Intensity  of  light  emission  from 


,  2  mm  bubble  of  ethane  in  water.  Two  independent  ntns  are  shown. 
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black  body  spectrum  ti  6000  K.  .  •  ’  e  anv 

is  eliminated  by  mbbet  0  nnf  s.  We  "  y“^^'^J?^”J^e'SM'^Srhehave.w^  and 

mat  can  U  ob^nted,  in  ons  ease 

end  lanenmtn.  1995).  dSe^^hes  ot  heavy  water  yield  dtiTeret. 

to  the  heavy  water  except  th«,  J"  ®  could  be  affecting  the  results. 

'"I^ore  ^1  Se^^^ f  we  should  say  that  the  experiments  on  noble  gas  doping  av 
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Fic.  74.  Spectra  of  SL  from  xenon  bubbles  in  light  and  heavy  water  prepared  at  a  partial  pressure  of  3  mm:  curves  (a)  and 
( b )  arc  for  light  water  and  the  first  batch  of  heavy  water  in  a  spherical  resonator,  curves  (c)  and  (d)  are  for  other  batchw 
of  heavy  water  in  a  cylindrical  resonator  and  curve  (c)  is  for  water  with  2.5  ppm  1-butonol.  multiplied  by  7.3  to  align  it 
with  pure  water  at  340  nm. 


Kg.  75.  High  resolution  spectrum  of  a  19b  xenon  in  oxygen  bubble  (at  150  mm  partial  pressure)  obtained  via  two  different 
calibrations  of  the  radiance.  The  points  are  determined  by  a  calibration  of  the  apparatus  with  a  NIST  traceable  QTH  lamp.  • 
The  continuous  line  is  obtained  when  the  black  body  curve  which  provides  the  best  fit  to  the  QTH  calibration  is  used  to 
calibrate  the  apparatus.  The  expectation  that  the  SL  spectrum  should  be  featureless  suggests  that  the  QTH  calibration  at  550 
nm  is  inconecL 

been  repeated  from  the  bottom  up  by  four  difiPerent  researchers,  BP.  Barber,  D.  Chow,  R.  Hiller, 
K.  Weninger  on  four  different  apparatuses  with  various  gas  mixtures  (Hiller  et  al.,  1994;  Chow  et 
al.,  1996).  Furthermore,  some  aspects  of  SL  are  so  remarlcably  repetitive  and  reliable  as  to  make 
SL  useful  in  calibrating  instruments!  Matching  bubble  dynamics  to  hydrodynamics  provides  P ^  and 
therefore  a  means  of  calibrating  a  hydrophone  such  as  the  one  used  to  acquire  the  data  in  Fig.  1. 
The  response  of  a  PMT  to  SL  can  be  used  to  calibrate  after  ringing  in  a  picosecond  light  source 
(Section  9),  and  the  lack  of  structure  in  the  spectrum  of  SL  can  be  used  to  check  the  calibration  of 
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25  30 

TIME  Uu) 


to  SL  (Chowet  et  al..  1996).  In  contrast  with  the  complete  R(»)  curve,  the  inset  u  no  g 

Si^Ss-^SSES 

*e  LXq.  of  .  falsifioMe  *».?.  Il«  next  «  of  SL  diKOveri«  might  toMd  b. 
driL  by  engineering  it^xemenB  dint  nddtess  the  issues  btonehed  tn  this  seetton. 
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